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ABSTRACT 

The application of a 2-D pseudo-compressible XSPH scheme to the analysis of 

hydraulic jumps is discussed. The effect of velocity smoothing procedures of SPH 

schemes and of turbulence modelling on the solution is analysed. The numerical 

model is then applied to the simulation of an undular jump at Fr=8.3 generated in a 

very large channel of the Coastal Engineering Laboratory of the Water Engineering 

and Chemistry Department at Politecnico di Bari. The study makes particular 

reference to the velocity and free surface profile measured in the longitudinal 

central section of the channel, with the aim of analysing the hydraulic jump 

development. The agreement between the numerical results and laboratory 

measurements is satisfactory. 

1 INTRODUCTION 

Hydraulic jump occurs when a supercritical open-channel flow dissipates a large 

part of its kinetic energy and converts into a subcritical flow. Dissipation takes place 

usually through a strong turbulent roller which characterizes the jump. Different types 

of hydraulic jump (undular, weak, steady, strong. etc..) can occur depending on the 

value of the upstream Froude number, and several different hydraulic phenomena 

(strong turbulence effects, downstream wave propagation, unsteadiness, air 

entrainment) characterize the different jump types. 

The present paper discusses the modelling of the development of high-Froude 

undular jumps by the SPH method. SPH is a purely Lagrangian method developed 

during seventies (Lucy, 1977; Gingold and Monaghan, 1977) in astrophysics to study 

the collision of galaxies and the impacts of bolides on planets. Although the traditional  

grid-based numerical methods such as the finite difference (FDM) and the finite 

element methods (FEM) are, in general, better established methods than SPH, they can 

show difficulties in representing complex free-surface unsteady phenomena. This 

motivated researchers to seek for alternatives to simulate these kind of flows, and 

meshless Lagrangian methods, such as SPH, proved to be one of the best choices.  

In SPH the fluid is represented by particles which are free to move in space, carry all 

the computational information, and thus form the computational frame for solving the 

partial differential equations describing the conservation laws of the continuum fluid 
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dynamics. The numerical method has been shown to be robust and applicable to a wide 

variety of fields. Among the variety of flows, the hydraulic jump appears to be a 

suitable test case to validate different SPH models developed to analyse unsteady 

turbulent open-channel flows, although only few SPH results of this type exist (Gallati 

and Braschi, 2003). 

In a previous study (De Padova et al., 2009), SPH modelling was applied to the 

simulation of an undular jump at Fr = 3.9 and successfully tested using physical 

experiments on supercritical flow motion by Ben Meftah et al. (2007; 2008).  

The present paper first investigates the influence of some of the SPH numerical 

parameters and of the possible turbulence models by comparing 2D SPH solutions of a 

weak jump at Fr = 2 with reference literature data (Chow, 1959).  

The application of SPH modelling to the analysis of an undular jump with a high 

Froude number (Fr = 8.3) is then discussed. Results are compared with laboratory data 

obtained in a very large channel of the Coastal Engineering Laboratory of the Water 

Engineering and Chemistry Department at Politecnico di Bari (Ben Meftah et al, 2008).  

The agreement of computed velocity profiles and water elevations with laboratory 

data confirms the adequacy of the SPH description.  

2 EXPERIMENTAL SET UP 

The experimental investigation was carried out at the Coastal Engineering 

Laboratory of Valenzano (L.I.C.) of the Water Engineering and Chemistry Department. 

The system (Fig. 1) is made by a rectangular steel channel having the base and the 

lateral walls in transparent glass material of thickness 15 mm, connected and sealed 

internally with silicone rubber, watertight and also able to prevent thermal dilatation. 

The plant has a base surface 15 × 4 m and is placed at a distance of 0.96 m from the 

floor; the height of the walls, and therefore the maximum allowed depth of the channel 

was 0.4 m. A closed hydraulic circuit provided the proper flow rate into the channel. 

 

Figure 1. Representation of the channel used for the experimental study. 
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Fig. 2 shows a picture of the channel in which the upstream tank is clearly visible, 

together with the lateral pipe directed towards the downstream tank in order to regulate 

the total discharge flowing along the main channel.  

For the measurement of the velocity the two-dimensional Nortek ADV (Acoustic 

Doppler Velocimeter) system was used, together with CollectV software for the data 

acquisition and ExploreV software for the data analysis, all of them produced by 

Nortek.  

Water height was measured using an ultrasonic measuring system UltraLab ULS 

20130 by General Acoustics, characterized by a resolution of 0.18 mm. Further details 

on the experimental tests are reported in Ben Meftah et al. (2007; 2008). 

 

 

Figure 2. Picture of the channel. 

The test analysed in the present paper is characterized by a constant flow rate of 0.1 

m
3
/s. Table 1 shows the main experimental parameters of the investigated hydraulic 

jump. Specifically, U0 is mean flow velocity at the vena contracta, Fr0 is the flow 

Froude number at the vena contracta, AR is the jump aspect ratio equal to B/h0 , where B 

is the channel width and h0 is the flow depth at the vena contracta, Re = Q/(Bν) is the 

Reynolds number calculated by using the kinematic viscosity evaluated for the 

measured water temperature, l is the longitudinal distance from upstream channel to the 

toe of the shockwave, L is the longitudinal length from the upstream channel gate to the 

hydraulic jump front normal to the upstream current and β is the angle between the 

lateral shockwave and the channel side wall.  

 

 

TEST Jump type 
U0 

[m/s] 

Fr0 

[-] 

AR 

[-] 

Re 

[-] 

l 

[m] 

L 

[m] 

β 

[°] 

1 
Full 

developed 
2.56 8.3 409.8 18046 4.6 6.1 40 

Table 1. Experimental parameters characterizing the analysed hydraulic jump 
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Figure 3 also shows bj as the length of hydraulic jump front normal to the upstream 

current. Since the channel is very large, the hydraulic jump front is trapezoidal, as 

shown in the sketch of Fig. 3, with presence of lateral shock waves.  
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Figure 3. Main geometric parameters of the analysed undular jump. 

3 SPH NUMERICAL METHOD 

The SPH method is based on the discretization of the fluid volume in motion by Np 

moving fluid particles, each having a constant mass m. The value of each flow variable 

in a generic point x
r

 is obtained by an interpolation based on the values in the 

surrounding particle centers, through an interpolation or kernel function ),( hxW
r

. It is 

required that the kernel function be continuous, non-zero only within a circle of radius 

2h, normalized by ∫
ℜ

=
n

xdhxW 1),(
rr

 and that it tends to the Dirac delta function when h 

tends to zero; h is defined as the smoothing length. When the SPH interpolation is 

applied to the equations of motion, the system of partial differential equations is 

reduced to an algebraic system in the unknown flow variables in the moving points 

(Monaghan, 1992a). 

The jump flow is here simulated by adopting a weakly compressible flow 

formulation (WCSPH), where the incompressible fluid is approximated by a slightly 

compressible one having a suitable equation of state (Monaghan, 1992b). The flow 

motion is therefore here described by the Navier-Stokes equations for a weakly 

compressible fluid, which, in the SPH approximation, take the form: 

 

( )∑ ∇⋅−−=
j

ijijj
i Wvvm

Dt

Dρ rrr

 (1) 
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where v
r

 is velocity, p pressure, ρ density, τ  the total (viscous + turbulent) stress 

tensor, g
r

 gravity acceleration, ,h)xxW(W jiij

rr
−=  and  the summation is extended to all 

the fluid particles j of mass mj located at a distance hxx ij 2<−
rr

 from the generic 

particle i where the flow variables are evaluated.  

Two turbulence models have been tested. The first is based on the introduction of a 

mixing-length lm = fi min (κz, lmax), where κ =0.41 is the Von Kármán constant, z is the 

distance from the wall, lmax is a cut-off maximum value and 

e .  (3) 

is a damping function which is less than unity only near the free surface. The effect of fi 

is to lower lm near the free-surface, where a non-physical growth of the eddy viscosity 

may lead to numerical instabilities. 

The second is an SPH version of the Standard k-ε turbulence model (Launder and 

Spalding, 1974): 
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where Pk is the production of turbulent kinetic energy depending on the local rate of 

deformation, νT is the eddy viscosity and σk = 1, σε = 1.3, Cε1 = 1.44 and Ce2 = 1.92 are 

model constants whose values are those proposed for the standard k-ε formulation. 

At each time step, the updated velocity T
v
r

of each particle is obtained by explicit 

integration of the momentum equation (2). A smoothed value S
v
r

of velocity is then 

obtained by: 

ij
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where φ is a smoothing parameter. 

Time integration is obtained according to the XSPH scheme (Monaghan, 1992a), 

where the smoothed velocity T
v
r

is integrated explicitly in time to obtain the updated 

position of the particles while the smoothed values S
v
r

 are used in the solution of the 

continuity equation (1).  
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Pressure is then computed by the equation of state for weakly compressible fluids: 

 ( )00 ρρ
ρ

ε
−=− pp  (6) 

where ε is the compressibility modulus while the index 0 is relative to a reference state. 

Pressure values are also corrected by a smoothing procedure similar to (5), but applied 

only to the difference between the local and the hydrostatic pressure (Sibilla, 2008). 

When WCSPH method is adopted, the time step is limited by the Courant condition:  

 

1<
∆

=
ρ

ε

h

t
CFL

 (7) 

however, (7) leads to excessively small values of the time step when the real value of ε 

for water is adopted. Reasonable values for the time step t∆ can be obtained only if a 

reduced compressibility modulus εR is adopted in the simulations. It has been verified 

by Monaghan (1992) that realistic SPH simulations of incompressible flows can be 

obtained in this way, provided that the local numeric Mach number RvMa ερ
r

=  

be everywhere lower than 0.1. 

Wall boundary conditions are applied by the “ghost particle” method, i.e. new 

particles are placed in a 2h-wide layer beyond the physical boundary by mirroring the 

positions of the internal particles. Flow variables are assigned to each ghost particles 

depending on the values pertaining to the related mirrored particle, in order to obtain the 

desired boundary condition at the wall (Takeda et al., 1994, Randles and Libersky, 

1996). 

 

4 RESULTS 

A detailed analysis of the dependence of the numerical solution on the physical and 

numerical parameters of the model was first performed. Free surface profiles were 

computed for the case of a 2D weak jump at Fr = 2 and compared to reference 

experiments (Chow, 1959).  

Some of the results are here summarized. Figure 4 shows that high values of the 

smoothing parameter φ can cause a too high dissipative effect in the simulated jump, 

leading to a steeper free surface profile and a shorter jump length: a smoothing 

coefficient φ = 0.02 appears to yield results closer to the reference data. The simulation 

appears to be less sensitive to the turbulence model: both the mixing length model with 

different lmax/h1 values and the standard k-ε model yield similar results (fig. 5). 

According to the preliminary results, simulations of the structure of a high-Froude 

undular jump in the mid-section of a wide channel were performed by adopting a 

smoothing coefficient φ = 0.02 and a mixing length turbulence model with lmax/h1 = 

0.25. 

The computational domain consists in a rectangle 2 m long and 0.4 m high. The 

simulated domain is therefore shorter than the experimental channel in order to reduce 

computational costs: care was paid to verify that results were not altered by the domain 
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length. Particles were initially placed on a staggered grid with zero initial velocity.  
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Figure 4. Effect of the smoothing parameter φ on the free surface profile in a weak jump 

simulation at Fr =2, obtained with a mixing length turbulence model (lmax = 0.8 h1). 
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Figure 5. Effect of the turbulence model on the free surface profile in a weak jump simulation at 

Fr =2, , obtained with smoothing parameter φ = 0.02. 
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Figure 6. Comparison of the numerical and experimental elevation profile in the central 

longitudinal section of the wide channel. 
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Figure 7. Time averaged horizontal velocity component of longitudinal velocity of the undular 

hydraulic jump in wide channel at Fr=8.3. 

The choice of initial particles spacing ∆x=∆z depends on the physical process of the 

problem and the desired computational accuracy and efficiency. The particle spacing is 

taken as 0.002 m and thus approximately 26,000 particles are used . It can be shown that 

the efficiency of the SPH kernel is based on the choice of the ∆x/h term (De Padova et 

al., 2008). Here a smoothing length h=0.003 m and, thus, a value of ∆x/h=0.67, was 

used. In the simulation, the upstream flow depth h1 and the downstream flow depth h2, 

were equal to 0.028 m and 0.06 m, respectively. 

With the aim to analyse the hydraulic jump development and to compare the 

numerical results with the experimental data of Ben Meftah et al. (2007; 2008), the 

study made particular reference to the velocity and free surface profiles.  

Regarding the distribution of the water elevation along the channel at Fr=8.3, figure 

6 shows a comparison between the free surface profile of the hydraulic jump obtained 

by the 2D SPH model and the one measured in the longitudinal central section of the 

channel in the laboratory.  It can be observed that the longitudinal profile obtained with 

the numerical simulations were in fairly good agreement with the experimental one 

obtained in the experimental measurements in both tests. In the zone of  the formation 

of the hydraulic jump the agreement was weakly worse. 

Figure 7 shows the comparison between the averaged horizontal velocity component 

obtained in the vertical sections along the longitudinal central section of the channel     

(0 < x/L <2), at a point distant 0.01 m from the bottom for both tests. The term x is the 
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longitudinal distance assumed equal to zero in the first section in the numerical code.  

The numerical data are in good agreement with the values measured in the physical 

model except in the zone of the hydraulic jump formation (0.6< x/L <1.0), where the 

computational results are slightly overestimated. In can be nevertheless stated that the 

numerical model predicted the mean velocity along the channel with satisfactory 

agreement. 

 

5 CONCLUSION 

The SPH model was applied to the modelling of undular jump with an high Froude 

number (Fr=8.3) generated in a very large channel of the Coastal Engineering 

Laboratory of the Water Engineering and Chemistry Department at Politecnico di Bari. 

A preliminary analysis on the influence of physical and numerical parameters of the 

model was carried out on 2D weak jump (Fr=2). The most reasonable behaviour of  the 

free surface profile was found with smoothing parameter φ set to 0.02. Both the mixing 

length and k-ε turbulence models showed good agreement with reference experiments. 

The SPH model was then used to simulate the high-Froude undular jump case and 

its results were verified by comparison with flow measurements taken in the 

aforementioned laboratory installation. The SPH model provided a good prediction in 

term of time-averaged water depths and time-averaged longitudinal velocity 

components. The free surface profile and the averaged horizontal velocities were 

predicted with satisfactory accuracy, except in the zone where a series of small rollers 

on the surface of the jump (0.6 < x/L < 1.0) where the agreement was weakly worse. 

Therefore, the SPH model reproduced the formation of the hydraulic jump in fairly 

agreement with the laboratory data.  

As a further development of the present research, in order to analyse and reproduce 

also the lateral shock waves represented in Figure 3, the development of a 3D SPH 

model is planned. 
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