
5.1 Introduction

Motivation. In this chapter we discuss the planning, presentation, and interpretation
of experimental data. We shall try to convince you that such data are best presented in
dimensionless form. Experiments which might result in tables of output, or even mul-
tiple volumes of tables, might be reduced to a single set of curves—or even a single
curve—when suitably nondimensionalized. The technique for doing this is dimensional
analysis.

Chapter 3 presented gross control-volume balances of mass, momentum, and en-
ergy which led to estimates of global parameters: mass flow, force, torque, total heat
transfer. Chapter 4 presented infinitesimal balances which led to the basic partial dif-
ferential equations of fluid flow and some particular solutions. These two chapters cov-
ered analytical techniques, which are limited to fairly simple geometries and well-
defined boundary conditions. Probably one-third of fluid-flow problems can be attacked
in this analytical or theoretical manner.

The other two-thirds of all fluid problems are too complex, both geometrically and
physically, to be solved analytically. They must be tested by experiment. Their behav-
ior is reported as experimental data. Such data are much more useful if they are ex-
pressed in compact, economic form. Graphs are especially useful, since tabulated data
cannot be absorbed, nor can the trends and rates of change be observed, by most en-
gineering eyes. These are the motivations for dimensional analysis. The technique is
traditional in fluid mechanics and is useful in all engineering and physical sciences,
with notable uses also seen in the biological and social sciences.

Dimensional analysis can also be useful in theories, as a compact way to present an
analytical solution or output from a computer model. Here we concentrate on the pre-
sentation of experimental fluid-mechanics data.

Basically, dimensional analysis is a method for reducing the number and complexity
of experimental variables which affect a given physical phenomenon, by using a sort
of compacting technique. If a phenomenon depends upon n dimensional variables, di-
mensional analysis will reduce the problem to only k dimensionless variables, where
the reduction n � k � 1, 2, 3, or 4, depending upon the problem complexity. Gener-
ally n � k equals the number of different dimensions (sometimes called basic or pri-
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mary or fundamental dimensions) which govern the problem. In fluid mechanics, the
four basic dimensions are usually taken to be mass M, length L, time T, and tempera-
ture �, or an MLT� system for short. Sometimes one uses an FLT� system, with force
F replacing mass.

Although its purpose is to reduce variables and group them in dimensionless form,
dimensional analysis has several side benefits. The first is enormous savings in time
and money. Suppose one knew that the force F on a particular body immersed in a
stream of fluid depended only on the body length L, stream velocity V, fluid density
�, and fluid viscosity �, that is,

F � f(L, V, �, �) (5.1)

Suppose further that the geometry and flow conditions are so complicated that our in-
tegral theories (Chap. 3) and differential equations (Chap. 4) fail to yield the solution
for the force. Then we must find the function f(L, V, �, �) experimentally.

Generally speaking, it takes about 10 experimental points to define a curve. To find
the effect of body length in Eq. (5.1), we have to run the experiment for 10 lengths L.
For each L we need 10 values of V, 10 values of �, and 10 values of �, making a grand
total of 104, or 10,000, experiments. At $50 per experiment—well, you see what we
are getting into. However, with dimensional analysis, we can immediately reduce
Eq. (5.1) to the equivalent form

�
�V

F
2L2� � g��

�

�

VL
��

or CF � g(Re)

(5.2)

i.e., the dimensionless force coefficient F/(�V2L2) is a function only of the dimension-
less Reynolds number �VL/�. We shall learn exactly how to make this reduction in
Secs. 5.2 and 5.3.

The function g is different mathematically from the original function f, but it con-
tains all the same information. Nothing is lost in a dimensional analysis. And think of
the savings: We can establish g by running the experiment for only 10 values of the
single variable called the Reynolds number. We do not have to vary L, V, �, or � sep-
arately but only the grouping �VL/�. This we do merely by varying velocity V in, say,
a wind tunnel or drop test or water channel, and there is no need to build 10 different
bodies or find 100 different fluids with 10 densities and 10 viscosities. The cost is now
about $500, maybe less.

A second side benefit of dimensional analysis is that it helps our thinking and plan-
ning for an experiment or theory. It suggests dimensionless ways of writing equations
before we waste money on computer time to find solutions. It suggests variables which
can be discarded; sometimes dimensional analysis will immediately reject variables,
and at other times it groups them off to the side, where a few simple tests will show
them to be unimportant. Finally, dimensional analysis will often give a great deal of
insight into the form of the physical relationship we are trying to study.

A third benefit is that dimensional analysis provides scaling laws which can con-
vert data from a cheap, small model to design information for an expensive, large pro-
totype. We do not build a million-dollar airplane and see whether it has enough lift
force. We measure the lift on a small model and use a scaling law to predict the lift on
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the full-scale prototype airplane. There are rules we shall explain for finding scaling
laws. When the scaling law is valid, we say that a condition of similarity exists be-
tween the model and the prototype. In the simple case of Eq. (5.1), similarity is achieved
if the Reynolds number is the same for the model and prototype because the function
g then requires the force coefficient to be the same also:

If Rem � Rep then CFm � CFp (5.3)

where subscripts m and p mean model and prototype, respectively. From the definition
of force coefficient, this means that

�
F

F

m

p
� � �

�

�

m

p
���

V

V

m

p
��

2

��
L

L

m

p
��

2

(5.4)

for data taken where �pVpLp/�p � �mVmLm/�m. Equation (5.4) is a scaling law: If you
measure the model force at the model Reynolds number, the prototype force at the
same Reynolds number equals the model force times the density ratio times the ve-
locity ratio squared times the length ratio squared. We shall give more examples later.

Do you understand these introductory explanations? Be careful; learning dimensional
analysis is like learning to play tennis: There are levels of the game. We can establish some
ground rules and do some fairly good work in this brief chapter, but dimensional analy-
sis in the broad view has many subtleties and nuances which only time and practice and
maturity enable you to master. Although dimensional analysis has a firm physical and
mathematical foundation, considerable art and skill are needed to use it effectively.

EXAMPLE 5.1

A copepod is a water crustacean approximately 1 mm in diameter. We want to know the drag
force on the copepod when it moves slowly in fresh water. A scale model 100 times larger is
made and tested in glycerin at V � 30 cm/s. The measured drag on the model is 1.3 N. For sim-
ilar conditions, what are the velocity and drag of the actual copepod in water? Assume that
Eq. (5.1) applies and the temperature is 20°C.

Solution

From Table A.3 the fluid properties are:

Water (prototype): �p � 0.001 kg/(m � s) �p � 998 kg/m3

Glycerin (model): �m � 1.5 kg/(m � s) �m � 1263 kg/m3

The length scales are Lm � 100 mm and Lp � 1 mm. We are given enough model data to com-
pute the Reynolds number and force coefficient

Rem � �
�m

�

Vm

m

Lm� � � 25.3

CFm � �
�mV

F

m

m
2Lm

2� � � 1.14

Both these numbers are dimensionless, as you can check. For conditions of similarity, the pro-
totype Reynolds number must be the same, and Eq. (5.2) then requires the prototype force co-
efficient to be the same

1.3 N
����
(1263 kg/m3)(0.3 m/s)2(0.1 m)2

(1263 kg/m3)(0.3 m/s)(0.1 m)
����

1.5 kg/(m � s)
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5.2 The Principle of
Dimensional Homogeneity

Rep � Rem � 25.3 � �
998V

0.
p

0

(0

0

.

1

001)
�

or Vp � 0.0253 m/s � 2.53 cm/s Ans.

CFp � CFm � 1.14 �

or Fp � 7.31 	 10�7 N Ans.

It would obviously be difficult to measure such a tiny drag force.

Historically, the first person to write extensively about units and dimensional reasoning
in physical relations was Euler in 1765. Euler’s ideas were far ahead of his time, as were
those of Joseph Fourier, whose 1822 book Analytical Theory of Heat outlined what is now
called the principle of dimensional homogeneity and even developed some similarity rules
for heat flow. There were no further significant advances until Lord Rayleigh’s book in
1877, Theory of Sound, which proposed a “method of dimensions” and gave several ex-
amples of dimensional analysis. The final breakthrough which established the method as
we know it today is generally credited to E. Buckingham in 1914 [29], whose paper out-
lined what is now called the Buckingham pi theorem for describing dimensionless para-
meters (see Sec. 5.3). However, it is now known that a Frenchman, A. Vaschy, in 1892 and
a Russian, D. Riabouchinsky, in 1911 had independently published papers reporting re-
sults equivalent to the pi theorem. Following Buckingham’s paper, P. W. Bridgman pub-
lished a classic book in 1922 [1], outlining the general theory of dimensional analysis. The
subject continues to be controversial because there is so much art and subtlety in using di-
mensional analysis. Thus, since Bridgman there have been at least 24 books published on
the subject [2 to 25]. There will probably be more, but seeing the whole list might make
some fledgling authors think twice. Nor is dimensional analysis limited to fluid mechan-
ics or even engineering. Specialized books have been written on the application of di-
mensional analysis to metrology [26], astrophysics [27], economics [28], building scale
models [36], chemical processing pilot plants [37], social sciences [38], biomedical sci-
ences [39], pharmacy [40], fractal geometry [41], and even the growth of plants [42].

In making the remarkable jump from the five-variable Eq. (5.1) to the two-variable
Eq. (5.2), we were exploiting a rule which is almost a self-evident axiom in physics.
This rule, the principle of dimensional homogeneity (PDH), can be stated as follows:

If an equation truly expresses a proper relationship between variables in a physical
process, it will be dimensionally homogeneous; i.e., each of its additive terms will
have the same dimensions.

All the equations which are derived from the theory of mechanics are of this form. For
example, consider the relation which expresses the displacement of a falling body

S � S0 
 V0t 
 �12�gt2 (5.5)

Each term in this equation is a displacement, or length, and has dimensions {L}. The
equation is dimensionally homogeneous. Note also that any consistent set of units can
be used to calculate a result.

Fp
���
998(0.0253)2(0.001)2
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Consider Bernoulli’s equation for incompressible flow

�
p

�
� 
 �

1
2

�V2 
 gz � const (5.6)

Each term, including the constant, has dimensions of velocity squared, or {L2T �2}.
The equation is dimensionally homogeneous and gives proper results for any consis-
tent set of units.

Students count on dimensional homogeneity and use it to check themselves when
they cannot quite remember an equation during an exam. For example, which is it:

S � �12�gt2? or S � �12�g2t? (5.7)

By checking the dimensions, we reject the second form and back up our faulty mem-
ory. We are exploiting the principle of dimensional homogeneity, and this chapter sim-
ply exploits it further.

Equations (5.5) and (5.6) also illustrate some other factors that often enter into a di-
mensional analysis:

Dimensional variables are the quantities which actually vary during a given case
and would be plotted against each other to show the data. In Eq. (5.5), they are
S and t; in Eq. (5.6) they are p, V, and z. All have dimensions, and all can be
nondimensionalized as a dimensional-analysis technique.

Dimensional constants may vary from case to case but are held constant during a
given run. In Eq. (5.5) they are S0, V0, and g, and in Eq. (5.6) they are �, g,
and C. They all have dimensions and conceivably could be nondimensional-
ized, but they are normally used to help nondimensionalize the variables in the
problem.

Pure constants have no dimensions and never did. They arise from mathematical
manipulations. In both Eqs. (5.5) and (5.6) they are �12� and the exponent 2, both
of which came from an integration: �t dt � �12�t2, � V dV � �12�V2. Other common
dimensionless constants are � and e.

Note that integration and differentiation of an equation may change the dimensions
but not the homogeneity of the equation. For example, integrate or differentiate
Eq. (5.5):

� S dt � S0t 
 �12�V0t2 
 �16�gt3 (5.8a)

�
d
d
S
t
� � V0 
 gt (5.8b)

In the integrated form (5.8a) every term has dimensions of {LT}, while in the deriva-
tive form (5.8b) every term is a velocity {LT�1}.

Finally, there are some physical variables that are naturally dimensionless by virtue
of their definition as ratios of dimensional quantities. Some examples are strain (change
in length per unit length), Poisson’s ratio (ratio of transverse strain to longitudinal strain),
and specific gravity (ratio of density to standard water density). All angles are dimen-
sionless (ratio of arc length to radius) and should be taken in radians for this reason.

The motive behind dimensional analysis is that any dimensionally homogeneous
equation can be written in an entirely equivalent nondimensional form which is more
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Ambiguity: The Choice of
Variables and Scaling Parameters1

compact. Usually there is more than one method of presenting one’s dimensionless data
or theory. Let us illustrate these concepts more thoroughly by using the falling-body
relation (5.5) as an example.

Equation (5.5) is familiar and simple, yet illustrates most of the concepts of dimen-
sional analysis. It contains five terms (S, S0, V0, t, g) which we may divide, in our think-
ing, into variables and parameters. The variables are the things which we wish to plot,
the basic output of the experiment or theory: in this case, S versus t. The parameters
are those quantities whose effect upon the variables we wish to know: in this case S0,
V0, and g. Almost any engineering study can be subdivided in this manner.

To nondimensionalize our results, we need to know how many dimensions are con-
tained among our variables and parameters: in this case, only two, length {L} and time
{T}. Check each term to verify this:

{S} � {S0} � {L} {t} � {T} {V0} � {LT�1} {g} � {LT�2}

Among our parameters, we therefore select two to be scaling parameters, used to de-
fine dimensionless variables. What remains will be the “basic” parameter(s) whose ef-
fect we wish to show in our plot. These choices will not affect the content of our data,
only the form of their presentation. Clearly there is ambiguity in these choices, some-
thing that often vexes the beginning experimenter. But the ambiguity is deliberate. Its
purpose is to show a particular effect, and the choice is yours to make.

For the falling-body problem, we select any two of the three parameters to be scal-
ing parameters. Thus we have three options. Let us discuss and display them in turn.

Option 1: Scaling parameters S0 and V0: the effect of gravity g.
First use the scaling parameters (S0, V0) to define dimensionless (*) displacement

and time. There is only one suitable definition for each:2

S* � �
S
S

0
� t* � �

V
S

0

0

t
� (5.9)

Substitute these variables into Eq. (5.5) and clean everything up until each term is di-
mensionless. The result is our first option:

S* � 1 
 t* 
 �
1
2

��t*2 � � �
g
V
S

0
2
0� (5.10)

This result is shown plotted in Fig. 5.1a. There is a single dimensionless parameter �,
which shows here the effect of gravity. It cannot show the direct effects of S0 and V0,
since these two are hidden in the ordinate and abscissa. We see that gravity increases
the parabolic rate of fall for t*  0, but not the initial slope at t* � 0. We would learn
the same from falling-body data, and the plot, within experimental accuracy, would
look like Fig. 5.1a.
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Fig. 5.1 Three entirely equivalent
dimensionless presentations of the
falling-body problem, Eq. (5.5): the
effect of (a) gravity, (b) initial dis-
placement, and (c) initial velocity.
All plots contain the same informa-
tion.

Option 2: Scaling parameters V0 and g: the effect of initial displacement S0.
Now use the new scaling parameters (V0, g) to define dimensionless (**) displace-

ment and time. Again there is only one suitable definition:

S** � �
V
S

0
2
g
� t** � t�

V
g

0
� (5.11)

Substitute these variables into Eq. (5.5) and clean everything up again. The result is
our second option:

S** � � 
 t** 
 �
1
2

�t**2 � � �
g
V
S

0
2
0� (5.12)
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This result is plotted in Fig. 5.1b. The same single parameter � again appears and here
shows the effect of initial displacement, which merely moves the curves upward with-
out changing their shape.

Option 3: Scaling parameters S0 and g: the effect of initial speed V0.
Finally use the scaling parameters (S0, g) to define dimensionless (***) displace-

ment and time. Again there is only one suitable definition:

S*** � �
S
S

0
� t*** � t��

S
g

0
��

1/2

(5.13)

Substitute these variables into Eq. (5.5) and clean everything up as usual. The result
is our third and final option:

S*** � 1 
 �t*** 
 �
1
2

�t***2 � � �
�

1
��
� � �

�
V
g�
0

S�0�
� (5.14)

This final presentation is shown in Fig. 5.1c. Once again the parameter � appears, but
we have redefined it upside down, � � 1/���, so that our display parameter V0 is in
the numerator and is linear. This is our free choice and simply improves the display.
Figure 5.1c shows that initial velocity increases the falling displacement and that the
increase is proportional to time.

Note that, in all three options, the same parameter � appears but has a different
meaning: dimensionless gravity, initial displacement, and initial velocity. The graphs,
which contain exactly the same information, change their appearance to reflect these
differences.

Whereas the original problem, Eq. (5.5), involved five quantities, the dimensionless
presentations involve only three, having the form

S� � fcn(t�, �) � � �
g
V
S

0
2
0� (5.15)

The reduction 5 � 3 � 2 should equal the number of fundamental dimensions involved
in the problem {L, T}. This idea led to the pi theorem (Sec. 5.3).

The choice of scaling variables is left to the user, and the resulting dimensionless
parameters have differing interpretations. For example, in the dimensionless drag-force
formulation, Eq. (5.2), it is now clear that the scaling parameters were �, V, and L,
since they appear in both the drag coefficient and the Reynolds number. Equation (5.2)
can thus be interpreted as the variation of dimensionless force with dimensionless vis-
cosity, with the scaling-parameter effects mixed between CF and Re and therefore not
immediately evident.

Suppose that we wish to study drag force versus velocity. Then we would not use
V as a scaling parameter. We would use (�, �, L) instead, and the final dimensionless
function would become

CF� � �
�

�

F
2� � fcn(Re) Re � �

�

�

VL
� (5.16)

In plotting these data, we would not be able to discern the effect of � or �, since they
appear in both dimensionless groups. The grouping CF� again would mean dimension-
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Some Peculiar Engineering
Equations

less force, and Re is now interpreted as either dimensionless velocity or size.3 The plot
would be quite different compared to Eq. (5.2), although it contains exactly the same
information. The development of parameters such as CF� and Re from the initial vari-
ables is the subject of the pi theorem (Sec. 5.3).

The foundation of the dimensional-analysis method rests on two assumptions: (1) The
proposed physical relation is dimensionally homogeneous, and (2) all the relevant vari-
ables have been included in the proposed relation.

If a relevant variable is missing, dimensional analysis will fail, giving either alge-
braic difficulties or, worse, yielding a dimensionless formulation which does not re-
solve the process. A typical case is Manning’s open-channel formula, discussed in Ex-
ample 1.4:

V � �
1.

n
49
�R2/3S1/2 (1)

Since V is velocity, R is a radius, and n and S are dimensionless, the formula is not di-
mensionally homogeneous. This should be a warning that (1) the formula changes if the
units of V and R change and (2) if valid, it represents a very special case. Equation (1)
in Example 1.4 (see above) predates the dimensional-analysis technique and is valid
only for water in rough channels at moderate velocities and large radii in BG units.

Such dimensionally inhomogeneous formulas abound in the hydraulics literature.
Another example is the Hazen-Williams formula [30] for volume flow of water through
a straight smooth pipe

Q � 61.9D2.63��
d
d
p
x
��

0.54

(5.17)

where D is diameter and dp/dx is the pressure gradient. Some of these formulas arise
because numbers have been inserted for fluid properties and other physical data into
perfectly legitimate homogeneous formulas. We shall not give the units of Eq. (5.17)
to avoid encouraging its use.

On the other hand, some formulas are “constructs” which cannot be made dimen-
sionally homogeneous. The “variables” they relate cannot be analyzed by the dimen-
sional-analysis technique. Most of these formulas are raw empiricisms convenient to a
small group of specialists. Here are three examples:

B � �
1
2
0
5
0
,0
�

00
R

� (5.18)

S � �
130

1



40
API

� (5.19)

0.0147DE � �
3
D
.7

E

4
� � 0.26tR � �

1
t
7

R

2
� (5.20)

Equation (5.18) relates the Brinell hardness B of a metal to its Rockwell hardness R.
Equation (5.19) relates the specific gravity S of an oil to its density in degrees API.
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5.3 The Pi Theorem

Equation (5.20) relates the viscosity of a liquid in DE, or degrees Engler, to its vis-
cosity tR in Saybolt seconds. Such formulas have a certain usefulness when commu-
nicated between fellow specialists, but we cannot handle them here. Variables like
Brinell hardness and Saybolt viscosity are not suited to an MLT� dimensional system.

There are several methods of reducing a number of dimensional variables into a smaller
number of dimensionless groups. The scheme given here was proposed in 1914 by
Buckingham [29] and is now called the Buckingham pi theorem. The name pi comes
from the mathematical notation �, meaning a product of variables. The dimensionless
groups found from the theorem are power products denoted by �1, �2, �3, etc. The
method allows the pis to be found in sequential order without resorting to free expo-
nents.

The first part of the pi theorem explains what reduction in variables to expect:

If a physical process satisfies the PDH and involves n dimensional variables, it can
be reduced to a relation between only k dimensionless variables or �’s. The reduc-
tion j � n � k equals the maximum number of variables which do not form a pi
among themselves and is always less than or equal to the number of dimensions de-
scribing the variables.

Take the specific case of force on an immersed body: Eq. (5.1) contains five variables
F, L, U, �, and � described by three dimensions {MLT}. Thus n � 5 and j � 3. There-
fore it is a good guess that we can reduce the problem to k pis, with k � n � j � 5 �
3 � 2. And this is exactly what we obtained: two dimensionless variables �1 � CF and
�2 � Re. On rare occasions it may take more pis than this minimum (see Example
5.5).

The second part of the theorem shows how to find the pis one at a time:

Find the reduction j, then select j scaling variables which do not form a pi among
themselves.4 Each desired pi group will be a power product of these j variables plus
one additional variable which is assigned any convenient nonzero exponent. Each
pi group thus found is independent.

To be specific, suppose that the process involves five variables

�1 � f(�2, �3, �4, �5)

Suppose that there are three dimensions {MLT} and we search around and find that in-
deed j � 3. Then k � 5 � 3 � 2 and we expect, from the theorem, two and only two
pi groups. Pick out three convenient variables which do not form a pi, and suppose
these turn out to be �2, �3, and �4. Then the two pi groups are formed by power prod-
ucts of these three plus one additional variable, either �1 or �5:

�1 � (�2)a(�3)b(�4)c�1 � M0L0T0 �2 � (�2)a(�3)b(�4)c�5 � M0L0T0

Here we have arbitrarily chosen �1 and �5, the added variables, to have unit exponents.
Equating exponents of the various dimensions is guaranteed by the theorem to give
unique values of a, b, and c for each pi. And they are independent because only �1
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contains �1 and only �2 contains �5. It is a very neat system once you get used to the
procedure. We shall illustrate it with several examples.

Typically, six steps are involved:

1. List and count the n variables involved in the problem. If any important vari-
ables are missing, dimensional analysis will fail.

2. List the dimensions of each variable according to {MLT�} or {FLT�}. A list is
given in Table 5.1.

3. Find j. Initially guess j equal to the number of different dimensions present, and
look for j variables which do not form a pi product. If no luck, reduce j by 1
and look again. With practice, you will find j rapidly.

4. Select j scaling parameters which do not form a pi product. Make sure they
please you and have some generality if possible, because they will then appear
in every one of your pi groups. Pick density or velocity or length. Do not pick
surface tension, e.g., or you will form six different independent Weber-number
parameters and thoroughly annoy your colleagues.

5. Add one additional variable to your j repeating variables, and form a power
product. Algebraically find the exponents which make the product dimension-
less. Try to arrange for your output or dependent variables (force, pressure drop,
torque, power) to appear in the numerator, and your plots will look better. Do
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Table 5.1 Dimensions of Fluid-
Mechanics Properties Dimensions

Quantity Symbol MLT� FLT�

Length L L L
Area A L2 L2

Volume � L3 L3

Velocity V LT�1 LT�1

Acceleration dV/dt LT�2 LT�2

Speed of sound a LT�1 LT�1

Volume flow Q L3T�1 L3T�1

Mass flow ṁ MT�1 FTL�1

Pressure, stress p, � ML�1T�2 FL�2

Strain rate �̇ T�1 T�1

Angle � None None
Angular velocity � T�1 T�1

Viscosity � ML�1T�1 FTL�2

Kinematic viscosity � L2T�1 L2T�1

Surface tension � MT�2 FL�1

Force F MLT�2 F
Moment, torque M ML2T�2 FL
Power P ML2T–3 FLT�1

Work, energy W, E ML2T�2 FL
Density � ML–3 FT2L–4

Temperature T � �

Specific heat cp, c� L2T�2��1 L2T�2��1

Specific weight � ML–2T�2 FL�3

Thermal conductivity k MLT –3��1 FT�1��1

Expansion coefficient � ��1 ��1



Step 2

Step 1

Step 3

Step 4

Step 5

this sequentially, adding one new variable each time, and you will find all 
n � j � k desired pi products.

6. Write the final dimensionless function, and check your work to make sure all pi
groups are dimensionless.

EXAMPLE 5.2

Repeat the development of Eq. (5.2) from Eq. (5.1), using the pi theorem.

Solution

Write the function and count variables:

F � f(L, U, �, �) there are five variables (n � 5)

List dimensions of each variable. From Table 5.1
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F L U � �

{MLT�2} {L} {LT�1} {ML�3} {ML�1T�1}

Find j. No variable contains the dimension �, and so j is less than or equal to 3 (MLT). We in-
spect the list and see that L, U, and � cannot form a pi group because only � contains mass and
only U contains time. Therefore j does equal 3, and n � j � 5 � 3 � 2 � k. The pi theorem
guarantees for this problem that there will be exactly two independent dimensionless groups.

Select repeating j variables. The group L, U, � we found in step 3 will do fine.

Combine L, U, � with one additional variable, in sequence, to find the two pi products.
First add force to find �1. You may select any exponent on this additional term as you please,

to place it in the numerator or denominator to any power. Since F is the output, or dependent,
variable, we select it to appear to the first power in the numerator:

�1 � LaUb�cF � (L)a(LT�1)b(ML�3)c( MLT�2) � M0L0T0

Equate exponents:

Length: a 
 b � 3c 
 1 � 0

Mass: c 
 1 � 0

Time: �b �2 � 0

We can solve explicitly for

a � �2 b � �2 c � �1

Therefore

�1 � L�2U�2��1F � �
�U

F
2L2� � CF Ans.

This is exactly the right pi group as in Eq. (5.2). By varying the exponent on F, we could have
found other equivalent groups such as UL�1/2/F1/2.



Finally, add viscosity to L, U, and � to find �2. Select any power you like for viscosity. By
hindsight and custom, we select the power �1 to place it in the denominator:

�2 � LaUb�c��1 � La(LT�1)b(ML�3)c(ML�1T�1)�1 � M0L0T0

Equate exponents:

Length: a 
 b � 3c 
 1 � 0

Mass: c � 1 � 0

Time: �b 
 1 � 0

from which we find

a � b � c � 1

Therefore �2 � L1U1�1��1 � �
�U

�

L
� � Re Ans.

We know we are finished; this is the second and last pi group. The theorem guarantees that the
functional relationship must be of the equivalent form

�
�U

F
2L2� � g��

�U
�

L
�� Ans.

which is exactly Eq. (5.2).

EXAMPLE 5.3

Reduce the falling-body relationship, Eq. (5.5), to a function of dimensionless variables. Why
are there three different formulations?

Solution

Write the function and count variables

S � f(t, S0, V0, g) five variables (n � 5)

List the dimensions of each variable, from Table 5.1:
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S t S0 V0 g

{L} {T} {L} LT�1} {LT�2}

There are only two primary dimensions (L, T), so that j � 2. By inspection we can easily
find two variables which cannot be combined to form a pi, for example, V0 and g. Then j �
2, and we expect 5 � 2 � 3 pi products. Select j variables among the parameters S0, V0, and
g. Avoid S and t since they are the dependent variables, which should not be repeated in pi
groups.

There are three different options for repeating variables among the group (S0, V0, g). There-
fore we can obtain three different dimensionless formulations, just as we did informally with the
falling-body equation in Sec. 5.2. Take each option in turn:



1. Choose S0 and V0 as repeating variables. Combine them in turn with (S, t, g):

�1 � S1S0
aV0

b �2 � t1S0
cV0

d �3 � g1S0
eV0

f

Set each power product equal to L0T0, and solve for the exponents (a, b, c, d, e, f ). Please
allow us to give the results here, and you may check the algebra as an exercise:

a � �1 b � 0 c � �1 d � 1 e � 1 f � �2

Ans.
�1 � S* � �

S
S

0
� �2 � t* � �

V
S

0

0

t
� �3 � � � �

g
V
S

0
2
0�

Thus, for option 1, we know that S* � fcn(t*, �). We have found, by dimensional analy-
sis, the same variables as in Eq. (5.10). But here there is no formula for the functional re-
lation — we might have to experiment with falling bodies to establish Fig. 5.1a.

2. Choose V0 and g as repeating variables. Combine them in turn with (S, t, S0):

�1 � S1V0
agb �2 � t1V0

cgd �3 � S0
1V0

egf

Set each power product equal to L0T0, and solve for the exponents (a, b, c, d, e, f ). Once
more allow us to give the results here, and you may check the algebra as an exercise.

a � �2 b � 1 c � �1 d � 1 e � 1 f � �2

Ans.
�1 � S** � �

V
Sg

0
2� �2 � t** � �

V
tg

0
� �3 � � � �

g
V
S

0
2
0�

Thus, for option 2, we now know that S** � fcn(t**, �). We have found, by dimensional
analysis, the same groups as in Eq. (5.12). The data would plot as in Fig. 5.1b.

3. Finally choose S0 and g as repeating variables. Combine them in turn with (S, t, V0):

�1 � S1S0
agb �2 � t1S0

cgd �3 � V0
1S0

egf

Set each power product equal to L0T0, and solve for the exponents (a, b, c, d, e, f). One
more time allow us to give the results here, and you may check the algebra as an exercise:

a � �1 b � 0 c � ��12� d � �12� e � ��12� f � ��12�

Ans.

�1 � S*** � �
S
S

0
� �2 � t*** � t��

S

g	
0
�	 �3 � � � �

�
V
g�
0

S�0�
�

Thus, for option 3, we now know that S*** � fcn(t***, � � 1/���). We have found, by di-
mensional analysis, the same groups as in Eq. (5.14). The data would plot as in Fig. 5.1c.

Dimensional analysis here has yielded the same pi groups as the use of scaling parameters
with Eq. (5.5). Three different formulations appeared, because we could choose three different
pairs of repeating variables to complete the pi theorem.

EXAMPLE 5.4

At low velocities (laminar flow), the volume flow Q through a small-bore tube is a function only
of the tube radius R, the fluid viscosity �, and the pressure drop per unit tube length dp/dx. Us-
ing the pi theorem, find an appropriate dimensionless relationship.
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Solution

Write the given relation and count variables:

Q � f �R, �, �
d
d
p
x
� � four variables (n � 4)

Make a list of the dimensions of these variables from Table 5.1:
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� P L I E

{L} {MLT�2} {L} {L4} {ML�1T�2}

Q R � dp/dx

{L3T�1} {L} {ML�1T�1} {ML�2T�2}

There are three primary dimensions (M, L, T), hence j � 3. By trial and error we determine that
R, �, and dp/dx cannot be combined into a pi group. Then j � 3, and n � j � 4 � 3 � 1. There
is only one pi group, which we find by combining Q in a power product with the other three:

�1 � Ra�b��
d
d
p
x
��

c

Q1 � (L)a(ML�1T�1)b(ML�2T�2)c(L3T�1)

� M0L0T0

Equate exponents:

Mass: b 
 c � 0

Length: a � b � 2c 
 3 � 0

Time: �b � 2c � 1 � 0

Solving simultaneously, we obtain a � �4, b � 1, c � �1. Then

�1 � R�4�1��
d
d
p
x
��

�1

Q

or �1 � �
R4(

Q
dp

�

/dx)
� � const Ans.

Since there is only one pi group, it must equal a dimensionless constant. This is as far as dimensional
analysis can take us. The laminar-flow theory of Sec. 6.4 shows that the value of the constant is �/8.

EXAMPLE 5.5

Assume that the tip deflection � of a cantilever beam is a function of the tip load P, beam length
L, area moment of inertia I, and material modulus of elasticity E; that is, � � f(P, L, I, E). Rewrite
this function in dimensionless form, and comment on its complexity and the peculiar value of j.

Solution

List the variables and their dimensions:



5.4 Nondimensionalization of
the Basic Equations

There are five variables (n � 5) and three primary dimensions (M, L, T), hence j � 3. But try as
we may, we cannot find any combination of three variables which does not form a pi group.
This is because {M} and {T} occur only in P and E and only in the same form, {MT�2}. Thus
we have encountered a special case of j � 2, which is less than the number of dimensions (M,
L, T). To gain more insight into this peculiarity, you should rework the problem, using the (F,
L, T) system of dimensions.

With j � 2, we select L and E as two variables which cannot form a pi group and then add
other variables to form the three desired pis:

�1 � LaEbI1 � (L)a(ML�1T�2)b(L4) � M0L0T0

from which, after equating exponents, we find that a � �4, b � 0, or �1 � I/L4. Then

�2 � LaEbP1 � (L)a(ML�1T�2)b(MLT�2) � M0L0T0

from which we find a � �2, b � �1, or �2 � P/(EL2), and

�3 � LaEb�1 � (L)a(ML�1T�2)b(L) � M0L0T0

from which a � �1, b � 0, or �3 � �/L. The proper dimensionless function is �3 � f (�2, �1),
or

�
L
�

� � f��
E
P
L2�, �

L
I
4�� Ans. (1)

This is a complex three-variable function, but dimensional analysis alone can take us no further.
We can “improve” Eq. (1) by taking advantage of some physical reasoning, as Langhaar

points out [8, p. 91]. For small elastic deflections, � is proportional to load P and inversely
proportional to moment of inertia I. Since P and I occur separately in Eq. (1), this means
that �3 must be proportional to �2 and inversely proportional to �1. Thus, for these con-
ditions,

�
L
�

� � (const) �
E
P
L2� �

L
I

4

�

or � � (const) �
P
E
L
I

3

� (2)

This could not be predicted by a pure dimensional analysis. Strength-of-materials theory pre-
dicts that the value of the constant is �13�.

We could use the pi-theorem method of the previous section to analyze problem after
problem after problem, finding the dimensionless parameters which govern in each
case. Textbooks on dimensional analysis [for example, 7] do this. An alternate and very
powerful technique is to attack the basic equations of flow from Chap. 4. Even though
these equations cannot be solved in general, they will reveal basic dimensionless pa-
rameters, e.g., Reynolds number, in their proper form and proper position, giving clues
to when they are negligible. The boundary conditions must also be nondimensional-
ized.

Let us briefly apply this technique to the incompressible-flow continuity and mo-
mentum equations with constant viscosity:

Continuity: � � V � 0 (5.21a)
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