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p qη ∝ ∝
 

/H�RVVHUYD]LRQL�VSHULPHQWDOL�H�FRQVLGHUD]LRQL�GL�VLPLOLWXGLQH�FRQVHQWRQR�GL�VFULYHUH�FKH�

τ
ρ

η
m
2u

= g( ).
 

6L�VRVWLWXLVFD�OD�SUHFHGHQWH�HTXD]LRQH�QHOOD����������6L�RWWLHQH�

u = u f( )m η

(1.4.8)

(1.5.1)
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∂
∂
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y

b
b + fum 2 m

FRQ��

′ ′ ′f =
df
d

, b =
db
dx

, u =
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dx

.m
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η

3HUWDQWR�

u
u
x

= u u f - u b
b

ff .m m
2 m

2∂
∂ ′

′ ′η

3HU� SRWHU� YDOXWDUH� LO� VHFRQGR� WHUPLQH� GHO� SULPR� PHPEUR� GHOOD� �������� VL� QHFHVVLWD� GL�
XQ
HVSUHVVLRQH�SHU�Y�FKH�q�SRVVLELOH�RWWHQHUH�SHU�LQWHJUD]LRQH�GHOO
HTXD]LRQH�GL�FRQWLQXLWj��

v =
v
y

dy = -
u
x

dy = u b
b

f - u f dy = u b f d - u b fd .
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y

0

y
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y
m

m m
0

m
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∫
∂
∂ ∫

∂
∂ ∫

′ ′ ′





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v = u b f - fd - u b fdm
0

m
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′ ∫






 ′ ∫η η η

η η
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′ ∂η
∂
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(u f) = u f
y

= u
b
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m
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∂
∂

∂
′

6RVWLWXHQGR� OH� ��������� �������� H� �������� QHOOD� �������� H�PROWLSOLFDQGR�SHU� E�XP� VL� RWWLHQH�
GRSR�RYYL�SDVVDJJL�
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
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

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




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u
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3RLFKp�LO�SULPR�PHPEUR�GHOOD���������q�XQD�IXQ]LRQH�GHOOD�VROD�η� DQFKH�LO�VHFRQGR�PHPEUR�
GHYH� HVVHUOR�� $IILQFKp� VLD� VRGGLVIDWWD� TXHVWD� FRQGL]LRQH�� EXP
�XP H E
� GHEERQR� HVVHUH�
LQGLSHQGHQWL�GD�[��&RQVLGHUDQGR�LO�IDWWR�FKH�EXP
�XP q SURSRU]LRQDOH�D�[T�S���S� FLRq�D�[T���H�
FKH E
� q� SURSRU]LRQDOH� D� [T��� OD� FRQGL]LRQH� GL� LQGLSHQGHQ]D� GD� [� HTXLYDOH� D� SRUUH� T ���
8VDQGR�OD���������VL�RWWLHQH�S ������3HUWDQWR��LQ�FRQFOXVLRQH�

mu
1

x
; b x.∝ ∝

�����(TXD]LRQH�LQWHJUDOH�GHOO
HQHUJLD�GHO�FDPSR�GL�PRWR�PHGLR��
6L PROWLSOLFKL�OD���������SHU�ρX H�VL�LQWHJUL�WUD�\ ��H�\ ∞� 6L�RWWLHQH�

0

2

0 0

tu
u
x

dy + uv
u
y

dy = u
y

dy.
∞ ∞ ∞
∫

∂
∂ ∫

∂
∂ ∫

∂
∂

ρ ρ τ

6LD�( ρX����O
HQHUJLD�FLQHWLFD�SHU�XQLWj�GL�YROXPH��6L�RWWLHQH�

 (1.5.4)

(1.5.5)
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LQ� FXL� VL� q� LQGLFDWR� FRQ� '�'W� OD� GHULYDWD� WRWDOH� H�� LQ� SDUWLFRODUH� '(�'W� UDSSUHVHQWD� OD�
YDULD]LRQH�WHPSRUDOH�GHOO
HQHUJLD�FLQHWLFD��

,QROWUH�LQWHJUDQGR�SHU�SDUWL�VL�KD�
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0
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0
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∞

∞
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∫
∂
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DE
Dt
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u
y
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∞ ∞
∫ ∫

∂
∂

τ

GDOOD�TXDOH�VL�HYLQFH�FKH�OD�ULGX]LRQH�GHOO
HQHUJLD�FLQHWLFD�GHO�FDPSR�GL�PRWR�PHGLR�VLD�XQ�
IHQRPHQR� FKH� DOLPHQWD� OD� WXUEROHQ]D�� DOWULPHQWL� LQFDSDFH� GL� DXWRVRVWHQHUVL�� $O� ILQH� GL�
GHWHUPLQDUH� T� H� S�� FRQ� XQ� DSSURFFLR� GLYHUVR� GD� TXHOOR� XWLOL]]DWR� QHO� SDU�� ����� FRQYLHQH�
ULVFULYHUH�OD�SUHFHGHQWH�UHOD]LRQH�FRPH�VHJXH�
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x
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6RPPDQGR�WUD�ORUR�OH�GXH�SUHFHGHQWL�HTXD]LRQL�VL�RWWLHQH�

0 0 0

2

0

2
u

E
x
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E
y

dy =
x

u
2

u dy =
d
dx

u
2

udy.
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∂
∂ ∫

∂
∂ ∫

∂
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





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6L�SXz�LQILQH�VFULYHUH�FKH�

d
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u
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udy = -
u
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0
t

∞ ∞
∫ ∫

∂
∂

ρ
τ

3HU�OH�DVVXQ]LRQL�IDWWH�QHL�SDUDJUDIL�SUHFHGHQWL�q�SRVVLELOH�VFULYHUH�

d
dx 2

bu f d = - u gu f d
0

m
3 3

0
m
2

m

∞ ∞
∫ ∫ ′ρ η ρ η

 

d
dx
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1
2

f d = -u gf d .m
3

0

3
m
3

0

∞ ∞
∫ ∫ ′η η

 

6L�SRQJD�

0

3
1

0
2

1
2

f d = F gf d = F
∞ ∞
∫ ∫ ′η η

 

LQ�FXL�)� H )� VRQR�GXH�FRVWDQWL��3HUWDQWR�OD���������SRWUj�HVVHUH�ULVFULWWD�FRPH�VHJXH�

d
dx

(bu )

u
= - F

F

m
3

m
3

2

1

FLRq�

(1.6.1)
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(bu )

u
x

m
3

m
3
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RVVLD�

q+ 3p - 1- 3p = 0  

GD�FXL�T ��H��SHU�OD����������S ������
�
���� ,SRWHVL�GL�LQWUXVLRQH�GHO�IOXLGR�DPELHQWH��

6H 4�q�OD�SRUWDWD�SHU�XQLWj�GL�OXQJKH]]D�LQ�RJQL�VH]LRQH�GHO�JHWWR�VL�DYUj�

Q = 2 udy.
0

∞
∫

6H�4� q OD�SRUWDWD�XVFHQWH�GDOO
RULIL]LR��OH�ULVXOWDQ]H�VSHULPHQWDOL�KDQQR�PHVVR�LQ�HYLGHQ]D�
FKH 4�[��4� q PDJJLRUH� GHOO
XQLWj� H� FKH� DXPHQWD� FRQ� [�� 4XHVWR� VLJQLILFD� FKH� LO� JHWWR�
SURYRFD�O
LQWUXVLRQH�GHO�IOXLGR�FLUFRVWDQWH�GXUDQWH�LO�VXR�PRWR��

6L IDFFLD�OD�VHJXHQWH�SRVL]LRQH�

dQ
dx

= 2
d
dx

udy = 2v
0

e

∞
∫

LQ� FXL� VL� q� LQGLFDWR� FRQ� YH OD� FRVLGGHWWD� YHORFLWj� GL� LQWUXVLRQH� �HQWUDLQPHQW� YHORFLW\��
2YYLDPHQWH� YH UDSSUHVHQWD� LQ� JHQHUDOH� LO� PRGXOR� GHOOD� YHORFLWj� GL� LQWUXVLRQH�� 'D�
FRQVLGHUD]LRQL�SURSULH�GHOO
DQDOLVL�GLPHQVLRQDOH�VL�SXz�VFULYHUH�

e mv u∝

RVVLD�

e e mv = uα
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=
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LSRWHVL� GL� LQWUXVLRQH� q� VWDWD�
LQWURGRWWD�GD�0RUWRQ�HW�DO����������
�
���� (TXD]LRQH�GHO�PRPHQWR�GHOOD�TXDQWLWj�GL�PRWR��
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6RVWLWXHQGR�OD���������QHO�SULPR�WHUPLQH�GHO�VHFRQGR�PHPEUR�VL�RWWLHQH�
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LQ�FXL�)�� )�� )� H )� VRQR�FRVWDQWL��OD���������GLYLHQH�
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5 m
2

6 m m
2
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d
dx

(u b ) -F u bb +F u u b +F u b = 0.′ ′

$IILQFKp�TXHVW
XOWLPD�HTXD]LRQH�SRVVD�HVVHUH�VRGGLVIDWWD�q�QHFHVVDULR�FKH�

2p + 2q - 1= 0

2p + q = 0
 

/D�ULVROX]LRQH�GHO�SUHFHGHQWH�VLVWHPD�SRUWD�D�FRQFOXGHUH��FRQ�XQ�DOWUR�SURFHGLPHQWR��FKH�
T � H�S ������
�
���� $QDOLVL�GLPHQVLRQDOH��

8WLOL]]DQGR� L� SULQFLSL� SURSUL� GHOO
DQDOLVL� GLPHQVLRQDOH� VL� SRVVRQR� RWWHQHUH� GHOOH�
HVSUHVVLRQL�SHU�OH�VFDOH�GL�YHORFLWj�H�GL�OXQJKH]]D�GHL�JHWWL��6L�IDUj�VHPSUH�ULIHULPHQWR�DG�XQ�
JHWWR�SLDQR�SHU�LO�TXDOH�VL�SXz�VFULYHUH�FKH�

m 1 0u = f (M , ,x).ρ

1HL� JHWWL� SLDQL� VH� LO� QXPHUR� GL� 5H\QROGV� DOOR� VERFFR� 5H �E�8��ν q PDJJLRUH� GL� DOFXQH�
PLJOLDLD��VL�SXz�ULWHQHUH�FKH�O
HIIHWWR�GHOOD�YLVFRVLWj�VLD�WUDVFXUDELOH��8VDQGR�LO�WHRUHPD�GL�
%XFNLQJKDP�OD���������GLYLHQH�
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u

M / x
= C

ρ
′

FRQ�&
� FRVWDQWH��3RLFKp�0� �E�ρ8�
�� OD���������VL�ULGXFH�D�

 (1.9.1)
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3HU TXDQWR�DWWLHQH�OD�VFDOD�GHOOH�OXQJKH]]H�VL�KD�
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$QFKH� SHU� TXDQWR� DWWLHQH� O
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VSHULPHQWDOPHQWH��

3HU TXDQWR�DWWLHQH�OD�SRUWDWD�YROXPHWULFD�4�SHU�RJQL�VH]LRQH�VL�KD�

Q = C M x /3 0′ ρ
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FRQ�&� LQFRJQLWD�GD�RWWHQHUVL�GDOOH�ULVXOWDQ]H�VSHULPHQWDOL��
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6SHULPHQWD]LRQL� VLVWHPDWLFKH� VXL�JHWWL� WXUEROHQWL�SLDQL� VRQR� VWDWH� FRQGRWWH�GD�PROWL�
DXWRUL�� 8QD� FRQFOXVLRQH� QRUPDOPHQWH� DFFHWWDWD� q� FKH� OD� GLVWULEX]LRQH� GL� YHORFLWj�
ORQJLWXGLQDOH�SRVVD�HVVHUH�UDSSUHVHQWDWD�LQ�PDQLHUD�VRGGLVIDFHQWH�DWWUDYHUVR�XQD�IXQ]LRQH�GL�
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FRQ�D
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DOWUD�HVSUHVVLRQH�VSHVVR�XWLOL]]DWD�q�
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0ROWL� DXWRUL� VL� VRQR� VRIIHUPDWL� DG� DQDOL]]DUH� O
RULJLQH� YLUWXDOH� GHO� JHWWR� RVVLD�
O
RULJLQH� ULVSHWWR� DOOD� TXDOH� PLVXUDUH� OH� GLVWDQ]H� ORQJLWXGLQDOL� GHO� JHWWR�� &RPH� VL� HYLQFH�
GDOOD�ILJ��������QRQ�H
�GHWWR�FKH�TXHVWD�FRLQFLGD�FRQ�OD�VH]LRQH�GL�VERFFR��/D�FRRUGLQDWD�[�
FRUUHWWD� LQ� IXQ]LRQH� GHOO
RULJLQH� YLUWXDOH�� DWWUDYHUVR� XQ
RSHUD]LRQH� GL� WUDVOD]LRQH�� YHUUj�
LQGLFDWD�QHO�VHJXLWR�FRQ�[
��$OFXQL�DXWRUL�ULWHQJRQR�FKH�O
RULJLQH�YLUWXDOH�VLD�GLHWUR�O
XJHOOR��
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RULJLQH�YLUWXDOH�LQ�FRUULVSRQGHQ]D�GHOO
RULIL]LR��$FFHWWDQGR�TXHVWD�LSRWHVL��OD�FRRUGLQDWD�[
�
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WXUEROHQWL�ID�XVR�GHOOD�OXQJKH]]D�GL�PHVFRODPHQWR�GL�3UDQGWO��VL�KD�
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u
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=
1.21
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x / b

FRQ�D�FRHIILFLHQWH�VSHULPHQWDOH��
6HFRQGR�*RHUWOHU���������FKH�DVVXPH�O
HTXD]LRQH�GL�3UDQGWO�τW ρε∂X�∂\ DL�ILQL�GHOOD�

VROX]LRQH GHO�SUREOHPD�LGURGLQDPLFR�GHL�JHWWL�WXUEROHQWL��HVVHQGR�ε OD YLVFRVLWj�FLQHPDWLFD�
WXUEROHQWD��HGG\ YLVFRVLW\�� VL�KD�

(1.10.1)

(1.10.2)
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, ULVXOWDWL�VSHULPHQWDOL�GL�)RUWKPDQQ��������H�GL�$EUDPRYLFK��������KDQQR�PHVVR�LQ�
HYLGHQ]D�FKH�LO�FRHIILFLHQWH�D�GHOO
HT�����������SURSRVWD�GD�7ROOPLHQ�YDULD�WUD������D�������
FRQ XQ�YDORUH�PHGLR�GL�������$VVXPHQGR�TXHVW
XOWLPR�YDORUH��QHOOD����������VL�KD�
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=
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=LMQHQ� ������� WURYz� FKH� SHU� XQ� RULIL]LR� GHOOH� GLPHQVLRQL� GL� ���[��� FP� YDOH� OD� VHJXHQWH�
UHOD]LRQH�

m
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U

=
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=
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H SHU�XQ�RULIL]LR�GHOOH�GLPHQVLRQL�GL��[���FP�
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(x + 2.40b ) / b
.

′

$OEHUWVRQ�HW�DO���������GDL�ORUR�ULVXOWDWL�VSHULPHQWDOL�ULFDYDURQR�

m

0 0

u
U

=
3.24
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7XWWH�OH�HTXD]LRQL�FLWDWH�PRVWUDQR�FKH��LQ�JHQHUDOH��q�SRVVLELOH�VFULYHUH�
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 YDULDELOH�WUD���H�������3HU�OD�SUDWLFD�SURJHWWD]LRQH�VL�
SXz�DVVXPHUH�&� XJXDOH�D������H�&
 QXOOR��SHUYHQHQGR�DOOD�VHJXHQWH�VROX]LRQH�
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3HU�TXDQWR�DWWLHQH�OD�VFDOD�GHOOH�OXQJKH]]H�E��GHILQLWD�FRPH�OD�GLVWDQ]D�GDOO
DVVH�GHO�
JHWWR�LQ�FXL�OD�YHORFLWj�X�q�XP����q�YDOLGD�OD�UHOD]LRQH�E &�[��/D�VROX]LRQH�GL�7ROOPLHQ�FRQ�
D �����SRUWD�D�&� �������/D�VROX]LRQH�GL�*RHUWOHU�FRQ�σ �����SRUWD�DG�XQ�YDORUH�GL�&�

XJXDOH�D��������5DMDUDWQDP�SURSRQH�SHU�&� XQ�YDORUH�LQWHUPHGLR�XJXDOH�D�������
3HU LO�FRHIILFLHQWH�GL�LQWUXVLRQH�αH� SRLFKp�
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d
dx
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u b fd
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XWLOL]]DQGR�LO�YDORUH�GL�&� �����VL�RWWLHQH�
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u
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3HU�TXDQWR�ULJXDUGD�OD�SRUWDWD�4�VL�KD�FKH�
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=
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8WLOL]]DQGR� L� SURSUL� ULVXOWDWL� VSHULPHQWDOL��=LMQHQ� ������� VWXGLz� OD� YDULD]LRQH�GHOOD�
OXQJKH]]D�GL�PHVFRODPHQWR� H� GHOOD� YLVFRVLWj� FLQHPDWLFD� WXUEROHQWD� �HGG\ YLVFRVLW\���'DOOD�
ILJ���������D� VL�RVVHUYD�FKH�SHU�λ!������ O�[�GLYLHQH�FRVWDQWH� H�XJXDOH� D���������PD�SHU�
YDORUL�SL��SLFFROL�O
LSRWHVL�GL�FRVWDQ]D�GHOOD�OXQJKH]]D�GL�PHVFRODPHQWR�QRQ�q�SL��YDOLGD��/D�
ILJ���������E�PRVWUD�FKH�ε�XP[ q�FRVWDQWH�SHU�λ�������PD�GHFUHVFH�OHJJHUPHQWH�SHU�YDORUL�
GL λ!������ 4XHVWR� SRWUHEEH� JLXVWLILFDUH� OD� GLYHUJHQ]D� WUD� L� YDORUL� VSHULPHQWDOL� H� TXHOOL�
WHRULFL�GL�*RHUWOHU�QHOOD�]RQD�HVWHUQD�GHO�JHWWR��

$OFXQH�PLVXUD]LRQL�VXOOD�WXUEROHQ]D�VRQR�VWDWH�UHDOL]]DWH�GD�=LMQHQ���������0LOOHU�H�
&RPLQJV� ������� H� GD� +HVNHVWDG� �������� 4XHVW
XOWLPR�� GDL� VXRL� ULOLHYL� VSHULPHQWDOL��
FRQFOXVH�FKH�OD�WXUEROHQ]D�SXz�ULWHQHUVL�FRPSOHWDPHQWH�VYLOXSSDWD��LSRWHVL�GL�VHOI�SUHVHUYLQJ�
SHU�[
�E� PDJJLRUH�GL�FLUFD������HVVHQGR�[
�OD�FRRUGLQDWD�ORQJLWXGLQDOH�GHO�JHWWR�FRQ�RULJLQH�
YLUWXDOH��
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