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,Q SUHFHGHQ]D�VL�q�DQDOL]]DWR�LO�FRPSRUWDPHQWR�GL�XQ�JHWWR�SXUR� LQWHQGHQGR�FRQ�WDOH�
WHUPLQH� XQ� JHWWR� FDUDWWHUL]]DWR� GDOOD� TXDQWLWj� GL� PRWR� H� QRQ� DVVRJJHWWDWR� D� IRU]H� GL�
JDOOHJJLDPHQWR�� 6L� VRQR� DQDOL]]DWL�� LQ� DOWUL� WHUPLQL�� L� FDVL� LQ� FXL� OD� GHQVLWj� GHO� IOXLGR�
FRVWLWXHQWH�LO�JHWWR�q�XJXDOH�DO�IOXLGR�GHOO
DPELHQWH�HVWHUQR�LQ�FXL�YHQLYD�LPPHVVR��

&RQ�LO�WHUPLQH�SLXPD� LQYHFH��VL�LQWHQGH�XQ�IOXVVR�FKH�KD�LQL]LR�FRQ�XQ�YDORUH�QXOOR�
GL TXDQWLWj�GL�PRWR�� DIILQFKp�TXHVWR�SRVVD�DFFDGHUH�q�QHFHVVDULR� FKH� OD�GHQVLWj�GHO� IOXLGR�
FRVWLWXHQWH� OD� SLXPD� VLD� PLQRUH� R� PDJJLRUH� GHOOD� GHQVLWj� GHO� IOXLGR� DPELHQWH�� 6L� DYUj��
ULVSHWWLYDPHQWH��XQD�SLXPD�DVFHQGHQWH�R�GLVFHQGHQWH�ULVSHWWR�DG�XQ�VLVWHPD�GL�ULIHULPHQWR�
FRQ DVVH�YHUWLFDOH�RULHQWDWR�YHUVR�O
DOWR��7LSLFL�HVHPSL�GL�JHWWL�SXUL�VRQR�L�*H\VHUV�R�L�JHWWL�
GL ODYD�H�ODSLOOL�GHOOH�HUX]LRQL�YXOFDQLFKH��,Q�WXWWL�TXHVWL�IHQRPHQL�q�HYLGHQWH�O
HVLVWHQ]D�GL�
XQ SURFHVVR�GL�FRQYHUVLRQH�GL�XQ�DOWR�YDORUH�GL�SUHVVLRQH�LQ�HQHUJLD�FLQHWLFD��7LSLFL�HVHPSL�
GL SLXPH�VRQR�L�IXPL�GHOOH�FLPLQLHUH���

7UD TXHVWL�GXH�HVWUHPL��UDSSUHVHQWDWL�GDL�JHWWL�SXUL�H�GDOOH�SLXPH� VL�SUHVHQWDQR�PROWL�
FDVL�SUDWLFL�LQWHUPHGL�FKH�FRVWLWXLVFRQR�L�FRVLGGHWWL�JHWWL�GL�GHQVLWj� LQ�FXL�VRQR�SUHVHQWL�VLD�
OD TXDQWLWj�GL�PRWR�LQL]LDOH�VLD�XQ�HIIHWWR�GL�JDOOHJJLDPHQWR��1HO�VHJXLWR�VL�SRWUj�XWLOL]]DUH�LO�
WHUPLQH� JHQHULFR� JHWWR� FRPH� IDWWR� QHL� SDUDJUDIL� SUHFHGHQWL�� TXDQGR� ULVXOWL� FKLDUR� GDO�
FRQWHVWR�VH�VL�WUDWWL�GL�JHWWL�SXUL�R�GL�JHWWL�GL�GHQVLWj��

$O ILQH�GHOOD�GHILQL]LRQH�GHOOH� OHJJL�GL�YDULD]LRQH�GHL�SDUDPHWUL�IRQGDPHQWDOL�GL�XQ�
JHWWR�GL�GHQVLWj�VL�IDUj�XVR�GHOOH�VHJXHQWL�LSRWHVL�VHPSOLILFDWLYH��

�� 6L�DVVXPH�FKH�LO�IOXLGR�VLD�LQFRPSULPLELOH�H�LO�FDPSR�GL�PRWR�WXUEROHQWR��
�� 6L�DVVXPH�FKH� OD�YDULD]LRQH�GHOOD�GHQVLWj�GHO� IOXLGR�GHO�JHWWR�OXQJR�OD�GLUH]LRQH�

GHO VXR� DVVH� VLD� SLFFROD� LQ� FRQIURQWR� DG� XQD� GHQVLWj� GL� ULIHULPHQWR�� FKH�� GL� VROLWR�� q� OD�
GHQVLWj� GHO� IOXLGR� DPELHQWH� DO� OLYHOOR� GHOO
RULIL]LR�� 4XHVWD� LSRWHVL�� QRWD� FRPH� LSRWHVL� GL�
%RXVVLQHVT� VWDELOLVFH�FKH��VHEEHQH�OD�GLIIHUHQ]D�GL�GHQVLWj�VLD�LPSRUWDQWH�SHU�TXDQWR�DWWLHQH�
L WHUPLQL�GL�JDOOHJJLDPHQWR��OD�VXD�YDULD]LRQH�q�WUDVFXUDELOH�TXDQGR�VL�FRQVLGHULQR�L�WHUPLQL�
LQHU]LDOL� GHOO
HTXD]LRQH� GL� 1DYLHU�6WRNHV�� 2VVLD�� SHU� L� WHUPLQL� LQHU]LDOL�� VL� DVVXPH� FKH�
ρD����∆ρO ρD��� ρD� HVVHQGR�ρD OD� GHQVLWj� GL� ULIHULPHQWR�� SUHFHGHQWHPHQWH� GHILQLWD��1HO�
VHJXLWR� VL� DVVXPHUj� FKH� LO� IOXLGR� DPELHQWH� QRQ� VLD� VWUDWLILFDWR�� RVVLD� FKH� HVVR� VLD�
FDUDWWHUL]]DWR� GD� XQ� XQLFR� YDORUH� GL� GHQVLWj�� /
LSRWHVL� GL� %RXVVLQHVT� q� DFFHWWDELOH� SHU� OD�
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PDJJLRU�SDUWH�GHJOL�VFDULFKL�GL�HIIOXHQWL��
�� 6L�DVVXPH�FKH�OD�GHQVLWj�GHO�IOXLGR�VLD�XQD�IXQ]LRQH�OLQHDUH�GHOOD�FRQFHQWUD]LRQH�R�

GHOOD�WHPSHUDWXUD��4XHVWD�LSRWHVL�q�DFFHWWDELOH�QHOOD�PDJJLRU�SDUWH�GHL�FDVL�SUDWLFL�H�FDGH�LQ�
GLIHWWR�� SHU� HVHPSLR�� TXDQGR� OD� WHPSHUDWXUD� GHOO
DFTXD� q� SURVVLPD� D� �°&�� YDORUH� SHU� LO�
TXDOH��FRPH�q�QRWR��OD�GHQVLWj�GHOO
DFTXD�UDJJLXQJH�LO�VXR�PDVVLPR��
�
���� $QDOLVL�GHOOH�SLXPH��

1HO VHJXLWR� VL� ULSRUWHUDQQR� DOFXQH� WLSLFKH� IRUPXOD]LRQL� YDOLGH� SHU� OH� SLXPH�
DVVLDOVLPPHWULFKH��/H�SLXPH��FRPH�DFFHQQDWR�LQ�SUHFHGHQ]D��
VRQR FDUDWWHUL]]DWH� GD� XQ� YDORUH� LQL]LDOH� QXOOR� VLD� GHOOD�
SRUWDWD� �IOXVVR� GL� YROXPH�� VLD� GHO� IOXVVR� GHOOD� TXDQWLWj� GL�
PRWR� H� VRQR� JHQHUDWH� GD� XQD� VRUJHQWH� GL� IRU]H� GL�
JDOOHJJLDPHQWR� LQWHQGHQGR� FRQ� WDOH� WHUPLQH� XQD� TXDOXQTXH�
FDXVD�FKH�JHQHUL�XQD�YDULD]LRQH�GL�GHQVLWj�WUD�LO�IOXLGR�GHOOD�
SLXPD�H�LO�IOXLGR�GHOO
DPELHQWH�HVWHUQR��FRPH��SHU�HVHPSLR��
XQD VRUJHQWH�GL� FDORUH��XQ�PLVFHODWRUH� LQ�JUDGR�GL�SURGXUUH�
XQ IOXLGR� GL� GHQVLWj� GLYHUVD� GD� TXHOOD� GHO� FRUSR� LGULFR�
ULFHWWRUH��XQD�SLDVWUD�HOHWWULFD��HWF��

,Q TXHVWR�FDVR��LO�PRWR�q�FDXVDWR�GDOOD�IRU]D�FKH��SHU�XQLWj�GL�PDVVD��q�ORFDOPHQWH�
XJXDOH� DO� SURGRWWR� GHOO
DFFHOHUD]LRQH� GL� JUDYLWj� SHU� LO� UDSSRUWR� WUD� OD� YDULD]LRQH� ORFDOH� GL�
GHQVLWj�WUD�IOXLGR�GHOOD�SLXPD�H�IOXLGR�DPELHQWH��RVVLD�∆ρO� H�OD�GHQVLWj�GL�ULIHULPHQWR��RVVLD�
ρ�� 8WLOL]]DQGR�O
LSRWHVL�GL�%RXVVLQHVT�H�DSSOLFDQGR�O
DQDOLVL�GLPHQVLRQDOH��YDOH�OD�VHJXHQWH�
UHOD]LRQH�

( )c 0w , ,b,= B , ,z∆ φ ν  

DYHQGR�LQGLFDWR�FRQ�]�O
DVVH�YHUWLFDOH��FRQ�ZF OD�YHORFLWj�PHGLD�ORQJLWXGLQDOH��IXQ]LRQH�GL�]��
VXOO
DVVH�GHOOD�SLXPD��FRQ�∆ OD PHGLD�WHPSRUDOH�GL�∆ρO�ρ� FRQ�E�OD�VFDOD�GL�OXQJKH]]D�QHOOD�
GLUH]LRQH�WUDVYHUVDOH�GHOOD�SLXPD��GHILQLWD�FRPH�OD�GLVWDQ]D�GDOO
DVVH�LQ�FXL�VL�KD�XQ�YDORUH�
GL YHORFLWj�XJXDOH�D�ZF�H��FRQ�%� LO�IOXVVR�VSHFLILFR�GHOOD�VSLQWD�GL�JDOOHJJLDPHQWR��GHILQLWR�
FRPH� LO� SURGRWWR� GHOOD� SRUWDWD�� DOOD� ILQH� GHOOD� =)(�� SHU� �∆ρO�ρ�J H� FRQ� ν OD� YLVFRVLWj�

)LJ�� �������*HWWR� GL� GHQVLWj� H� VLVWHPD�GL�

ULIHULPHQWR�FDUWHVLDQR�DGRWWDWR� 



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS�����

��

FLQHPDWLFD�LQL]LDOH�GHO�IOXLGR�GHOOD�SLXPD��
/
DSSOLFD]LRQH�GHO�WHRUHPD�GL�%XFNLQJKDP�SRUWD�DOOD�VHJXHQWL�UHOD]LRQL�

c
1

0
0.33 0.66w z

= g
B z

ν ν










b
z

= g
B z

2
0
0.33 0.66

ν










LQ�FXL�J� H J� VRQR�GHOOH�IXQ]LRQL�GD�ULFDYDUH�VSHULPHQWDOPHQWH��
7XWWDYLD��q�SRVVLELOH�LSRWL]]DUH�FKH��DG�XQD�FHUWD�GLVWDQ]D�GDOOD�VRUJHQWH�GHOOD�SLXPD��

LO�FDPSR�GL�PRWR�VLD�FRPSOHWDPHQWH�WXUEROHQWR�H�LQGLSHQGHQWH�GD�ν� 3HUWDQWR�OD�IXQ]LRQH�J�
GLYLHQH�FRVWDQWH�H�VL�SRWUj�VFULYHUH�OD�VHJXHQWH�UHOD]LRQH�

c 1
0
0.33

0.33w = K
B

z
.











'L�VROLWR�OD�SUHFHGHQWH�UHOD]LRQH�YLHQH�VFULWWD�FRPH�VHJXH�

c

0
1

0.33

r0
-0.66w

w
= K

4
F

z
D

π











HVVHQGR�)U��LO�QXPHUR�LQGLFH�GL�)URXGH�GHQVLPHQWULFR�GHILQLWR�FRPH�

( )r0
0

0.5

0

0

0
0.5

0

F = w

gD

= w

gD∆ ∆ρ
ρ











FRQ�'�LO�GLDPHWUR�GHOOD�VRUJHQWH�GHOOD�SLXPD��
$QDORJDPHQWH�VL�KD�

(5.1.1)

(5.1.2)



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS�����

��

b
z

= K .2

3HU�TXDQWR�ULJXDUGD�∆ VL DYUj�

∆ = K B z3 0
0.66 -1.66

 

R��LQ�PRGR�SL��FRQYHQ]LRQDOH��

( )∆
∆0

3

0.66
0.66

r0

-1.66

= K
4

F
z
D

π











6L� RVVHUYD� FKH� LO� YDORUH� GHOOD� GLOXL]LRQH� VXOO
DVVH� GHOOD� SLXPD� KD� OD� VHJXHQWH�
HVSUHVVLRQH�

S = .0∆
∆

, YDORUL�GL�.�� .� H .�� VHFRQGR�3DSDQLFRODRX���������VRQR�ULVSHWWLYDPHQWH�XJXDOL�D�
������������H��������
�
���� $QDOLVL�GHL�JHWWL�GL�GHQVLWj��

)DFHQGR� ULIHULPHQWR� DOOD� ILJ�� ������� OH� SURLH]LRQL� GHOO
HTXD]LRQH� GL� 1DYLHU�6WRNHV�
OXQJR�JOL�DVVL�[��\��H�]�VRQR��ULVSHWWLYDPHQWH��

( ) ( )∂
∂

′








 ∂

∂
′ ′ ∂

∂
′ ′ ∂

∂
∂
∂

∂
∂









x

u + < u > +
p

+
y

uv+ < u v > +
z

uw+ < u w > =
u

x
+

u

y
+

u

z
2 2

0

2

2

2

2

2

2ρ
ν

( ) ( )∂
∂

′ ′ ∂
∂

′








 ∂

∂
′ ′ ∂

∂
∂
∂

∂
∂









x

uv+ < u v > +
y

v + < v > +
p

+
z

wv+ < w v > =
v

x
+

v

y
+

v

z
2 2

0

2

2

2

2

2

2ρ
ν

(5.1.3)



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS�����

��

( ) ( )∂
∂

′ ′
∂

∂
′ ′

∂
∂

′


















 ∂

∂
∂
∂

∂
∂









x

uw+ < u w > +
y

vw+ < w v > +
z

w + < w > +
p

=
-

g+
w

x
+

w

y
+

w

z
2 2

0

a

0

2

2

2

2

2

2ρ
ρ ρ

ρ
ν

1HOOH�SUHFHGHQWL�HTXD]LRQL�VL�q�HYLGHQWHPHQWH�IDWWR�XVR�GHOO
LSRWHVL�GL�%RXVVLQHVT��VHFRQGR�
FXL��UHODWLYDPHQWH�DL�WHUPLQL�LQHU]LDOL��ρD≈ρ�≈ρ� 1HO�VHJXLWR��SHU�O
DPPHVVD�LSRWHVL�GL�IOXVVR�
FRPSOHWDPHQWH�WXUEROHQWR��VL�WUDVFXUHUDQQR�L�WHUPLQL�UHODWLYL�DOOH�WHQVLRQL�YLVFRVH��

,O SULQFLSLR�GL�FRQVHUYD]LRQH�GHL�YROXPL�H�GHOOH�PDVVH�SRUWD�D�FRQFOXGHUH�FKH�

∂
∂

∂
∂

∂
∂

u
x

+
v
y

+
w
z

= 0
 

H��QHOO
LSRWHVL�FKH�ρD VLD�FRVWDQWH��RVVLD�FKH�QRQ�FL�VLDQR�VWUDWLILFD]LRQL�QHOO
DPELWR�GHO�FRUSR�
LGULFR�ULFHWWRUH��FKH�

( )[ ] ( )[ ] ( )[ ]∂
∂

′ ′ ∂
∂

′ ′ ∂
∂

′ ′
x

u - + < u > +
y

v - + < v > +
z

w - + < w > = 0a a aρ ρ ρ ρ ρ ρ ρ ρ ρ

HVVHQGR�ρ
 LO�WHUPLQH�IOXWWXDQWH�GL�GHQVLWj�H�DYHQGR�WUDVFXUDWR�L�WHUPLQL�GLIIXVLYL�PROHFRODUL��
,QWHJUDQGR�O
HT����������VL�RWWLHQH�

( ) ( )
A(z) A(z) A(z)

2 2

0x
uw+ < u w > dxdy +

y
vw+ < v w > dxdy +

z
w + < w’ > +

p
dxdy.∫

∂
∂

′ ′ ∫
∂
∂

′ ′ ∫
∂
∂











ρ

$L�ILQL�GHOOD�GHILQL]LRQH�GHOO
DUHD�$�]��GL�LQWHJUD]LRQH��VL�SXz�RVVHUYDUH�FKH�FRPH�SHULPHWUR�
GL GHOLPLWD]LRQH�GL�RJQL�VH]LRQH�WUDVYHUVDOH�GHO�JHWWR�GL�GHQVLWj�SXz�LQWHQGHUVL�VLD�OD�FXUYD�
OXRJR�JHRPHWULFR�GHL�SXQWL�D� WHQVLRQL� WDQJHQ]LDOL�QXOOH�� VLD� OD�FXUYD� OXRJR�JHRPHWULFR�GHL�
SXQWL� D� YHORFLWj� YHUWLFDOH� QXOOD�� 4XHVWL� GXH� SHULPHWUL� SRWUHEEHUR� QRQ� QHFHVVDULDPHQWH�
FRLQFLGHUH��)LVFKHU�HW�DO����������7XWWDYLD��DL�ILQL�GHOO
DQDOLVL�FKH�VL�LQWHQGH�VYLOXSSDUH�QHO�

(5.2.1)

(5.2.2)

(5.2.3)



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS�����

��

VHJXLWR��VL�VXSSRUUj�FKH�OH�GXH�FXUYH�VLDQR�VRYUDSSRVWH��3HUWDQWR�OD���������GLYLHQH�

A(z)

2 2

0 A(z)

a

0z
w + < w’ > +

p
dxdy =

-
gdxdy.∫

∂
∂









 ∫











ρ
ρ ρ

ρ

$QDORJDPHQWH��GDOOD���������VL�RWWLHQH�

( )[ ]
A(z)

az
w - + < w > dxdy = 0.∫

∂
∂

′ ′ρ ρ ρ

/H�GXH�SUHFHGHQWL�HTXD]LRQL�VRQR�EDVLODUL�SHU�O
DQDOLVL�GHL�JHWWL�GL�GHQVLWj�LPPHVVL��
YHUWLFDOPHQWH�LQ�XQ�FDPSR�GL�IOXLGR�LQ�TXLHWH��

0LOOHU� H� &RPLQJV� ������� H� %UDGEXU\� ������� GLPRVWUDURQR� FKH�� QHL� JHWWL�
ELGLPHQVLRQDOL�� L� FRQWULEXWL� GL��Z
�! H�S�ρ� VRQR� SLFFROL� H� GL� VHJQR� RSSRVWR��3HUWDQWR��
DQFKH� VH� TXHVWD� LSRWHVL� QRQ� q� QHFHVVDULDPHQWH� YHULILFDWD� QHOOD� JHQHULFLWj� GHOOH�
FRQILJXUD]LRQL��YLHQH�DSSOLFDWD�DOOD����������GDQGR�OXRJR�D�

A(z)

2

A(z)

a

0z
w dxdy =

-
gdxdy.∫

∂
∂ ∫











ρ ρ
ρ

$QDORJDPHQWH�� QHOOD� �������� q� SRVVLELOH� WUDVFXUDUH� LO� WHUPLQH� �Z
ρ
!� VHEEHQH�
.RWVRYLQRV��������DEELD�GLPRVWUDWR�FKH�TXHVWD�LSRWHVL�QRQ�VLD�VHPSUH�DFFHWWDELOH�QHL�FDPSL�
GL PRWR� LQ� FXL� LQWHUYHQJRQR� IRU]H� GL� JDOOHJJLDPHQWR�� &LRQRQRVWDQWH�� FRPH� SURSRVWR� GD�
)LVFKHU� HW� DO�� �������� DL� ILQL� GHOOD� GHILQL]LRQH� GL� HTXD]LRQL� FKH� GHVFULYDQR� LQ� PRGR�
DSSURVVLPDWR�LO�FRPSRUWDPHQWR�GL�XQ�JHWWR�GL�GHQVLWj��VL�SRWUj�VFULYHUH�OD�VHJXHQWH�UHOD]LRQH�

( )[ ]
A(z)

az
w - dxdy = 0.∫

∂
∂

ρ ρ

�����1XPHUR�GL�)URXGH�GHQVLPHWULFR�SHU�OH�SLXPH�H�L�JHWWL�GL�GHQVLWj��
/H HTT�� ��������� �������� H� �������� FRQVHQWRQR� GL� GLPRVWUDUH�� GRSR� DOFXQL� SDVVDJJL�

DOJHEULFL��FKH�LO�QXPHUR�GL�)URXGH�GHQVLPHWULFR�GHOOH�SLXPH��GHILQLWR�FRPH�VHJXH�

(5.2.4)

(5.2.5)



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS�����

��

rF =
w

g b⋅ ⋅∆
 

q XQD�FRVWDQWH��
,Q HIIHWWL�VL�ULFDYD�FKH�

Fr = K B z

gK B z K z
= K

g K K
1.14.1 0

0.33 -0.33

3 0
0.66 -1.66

2

1

2 3⋅ ⋅
≈

8WLOL]]DQGR� O
DSSURFFLR� SURSRVWR� GD� 3HGHUVHQ� �������� q� DQDORJDPHQWH� SRVVLELOH�
GLPRVWUDUH� O
DVVHUWR�� ,QIDWWL�� WHQHQGR� FRQWR� FKH� LQ� OHWWHUDWXUD� O
DOODUJDPHQWR� GHO� JHWWR��
GHILQLWR�� LQ� RJQL� VH]LRQH� WUDVYHUVDOH�� FRPH� OD� GLVWDQ]D� GDOO
DVVH� LQ� FXL� OD� YHORFLWj�
ORQJLWXGLQDOH�VL�DQQXOOD��VL�DVVXPH�SURSRU]LRQDOH�D�E��O
HTXD]LRQH�FKH�HVSULPH�OD�YDULDELOLWj�
GHOOD�TXDQWLWj�GL�PRWR�GL�XQD�SLXPD�SXz�HVVHUH�VFULWWD�FRPH�VHJXH�

( )∂
∂

′ ⋅
z

V b = g b2 2 2ρα π ρ π∆

LQ�FXL�FRQ�9�VL�q� LQGLFDWD� OD�YHORFLWj�PHGLD� ORQJLWXGLQDOH�QHOOD�VLQJROD�VH]LRQH� WUDVYHUVDOH�
GHOOD�SLXPD�H�FRQ�α
 LO�FRHIILFLHQWH�GL�UDJJXDJOLR�GHOOH�TXDQWLWj�GL�PRWR��LO�FXL�YDORUH��SHU�OH�
SLXPH�SLDQH��q�FLUFD�������3HGHUVHQ���������'DOOD�SUHFHGHQWH�UHOD]LRQH�VL�ULFDYD�
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,O� SULPR� WHUPLQH� GHO� SULPR� PHPEUR� GHOOD� SUHFHGHQWH� UHOD]LRQH� q� FRVWDQWH�� SHU�
O
DPPHVVD� YDULDELOLWj� OLQHDUH� GL� E� FRQ� ]��$QFKH� LO� VHFRQGR� WHUPLQH� GHO� SULPR�PHPEUR� q�
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FRVWDQWH��FRPH�q�IDFLOPHQWH�GLPRVWUDELOH�DPPHWWHQGR�XQD�OHJJH�GL�SRWHQ]D�SHU�9��HVVHQGR�
TXHVWD�SURSRU]LRQDOH�D�ZF� FRPH�SURSRVWR� LQ� OHWWHUDWXUD��3RLFKp��DOORUD�� LO�SULPR�PHPEUR�
GHOOD� �������� q� FRVWDQWH�� GHYH� QHFHVVDULDPHQWH� HVVHUH� FRVWDQWH� DQFKH� LO� VHFRQGR�� FKH�
UDSSUHVHQWD� LO� TXDGUDWR� GHO� QXPHUR� GL� )URXGH� GHQVLPHWULFR� GL� XQD� SLXPD�� 'D� TXHVWD�
FRQVLGHUD]LRQH��SRQHQGR�LQ�SULPD�DSSURVVLPD]LRQH�α
 XJXDOH�D����VL�ULFDYD�
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)LJ���������(VHPSL�GL�IOXVVL�VWUDWLILFDWL�DO�YDULDUH�GHO�QXPHUR�GL�)URXGH�GHQVLPHWULFR�DO�TXDGUDWR� 

RVVLD�)U≈�����SRFR�GLYHUVR�GD������RWWHQXWR�SUHFHGHQWHPHQWH��
3HUWDQWR��VL�SXz�DIIHUPDUH�FKH�LO�QXPHUR�GL�)URXGH�GHQVLPHWULFR�GL�XQD�SLXPD�q�XQD�

FRVWDQWH��'D�XQ�SXQWR�GL�YLVWD�ILVLFR��TXHVWR�VLJQLILFD�FKH��SHU�OH�SLXPH��LO�UDSSRUWR�WUD�OH�
IRU]H�GL�LQHU]LD�H�OH�IRU]H�GL�JDOOHJJLDPHQWR�q�FRVWDQWH��

8QD�SLXPD�SXz�HVVHUH�LPPDJLQDWD�FRPH�XQ�FDVR�OLPLWH�GL�XQD�FRUUHQWH�GL�GHQVLWj�DO�
IRQGR� GL� XQ� FDQDOH�� RVVLD� FRPH� XQD� FRUUHQWH� GL� GHQVLWj� LQ� XQ� FDQDOH� FRQ� SHQGHQ]D�
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LQILQLWDPHQWH� HOHYDWD� �VL� IDFFLD� ULIHULPHQWR� DOOD� ILJ�� ������ WUDWWD� GD� 3HGHUVHQ�� ������� 6L�
JLXVWLILFKHUHEEH��DOORUD��OD�VHJXHQWH�UHOD]LRQH�

0 < F < F = costante < F < F =r,cdf r,p r,gd r,gp ∞

LQ�FXL�VL�q�LQGLFDWR�FRQ�)U�FGI�LO�QXPHUR�GL�)URXGH�GHQVLPHWULFR�SHU�OH�FRUUHQWL�GL�GHQVLWj�DO�
IRQGR GL�XQ�FDQDOH��FRQ�)U�S�LO�QXPHUR�GL�)URXGH�GHQVLPHWULFR�SHU�OH�SLXPH��FRVWDQWH��FRPH�
SUHFHGHQWHPHQWH�GLPRVWUDWR���FRQ�)U�JG�LO�QXPHUR�GL�)URXGH�GHQVLPHWULFR�GHL�JHWWL�GL�GHQVLWj�
H�� LQILQH�� FRQ� )U�JS� LO� QXPHUR� GL� )URXGH� GHQVLPHWULFR� GHL� JHWWL� SXUL�� FKH� q� LQILQLWDPHQWH�
HOHYDWR�� HVVHQGR� QXOOD�� LQ� WDO� FDVR�� OD� YDULD]LRQH� GL� GHQVLWj� WUD� IOXLGR� GHO� JHWWR� H� IOXLGR�
DPELHQWH��
�
���� 5LVXOWDWL� VSHULPHQWDOL� UHODWLYL� DL� JHWWL� GL� GHQVLWj� D� FRQIURQWR� FRQ� OH� UHOD]LRQL�
WHRULFKH��

$O ILQH�GL�XQ�FRQIURQWR�GHOOH�UHOD]LRQL� WHRULFKH�FRQ�OH�ULVXOWDQ]H�VSHULPHQWDOL�SHU�L�
JHWWL�GL�GHQVLWj��VL�SXz�IDU�ULIHULPHQWR�DOOH�HVSHULHQ]H�GL�3DSDQLFRODRX�H�/LVW���������4XHVWL�
DXWRUL�VWXGLDURQR�L�JHWWL�GL�GHQVLWj�LPPHVVL�YHUWLFDOPHQWH�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH��

, ULVXOWDWL�VSHULPHQWDOL�GL�3DSDQLFRODRX�H�/LVW��������SRUWDQR�D�FRQFOXGHUH�FKH��SHU�L�
JHWWL� GL� GHQVLWj�� q� SRVVLELOH� GLVWLQJXHUH� GXH� UHJLRQL� D� GLYHUVR� FRPSRUWDPHQWR�� $� WDO�
ULJXDUGR��q�IRQGDPHQWDOH�GHILQLUH�OD�VFDOD�GL�OXQJKH]]D�O0 FRPH�VHJXH�
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, ULVXOWDWL�VSHULPHQWDOL�GL�3DSDQLFRODRX�H�/LVW��������UHODWLYL�DL�YDORUL�GHOOD�YHORFLWj�
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FRPH�VL�HYLQFH�GDOOD�ILJ���������
(
 HYLGHQWH��DOORUD��FKH�LO�

FDPSR� GL� PRWR� GL� XQ� JHWWR� GL�
GHQVLWj�q�DQDORJR�D�TXHOOR�GL�XQ�
JHWWR�SXUR�SHU�]�O0���H�D�TXHOOR�
GL XQD� SLXPD� SHU� ]�O0!��� 3HU�
YDORUL� ��]�O0���� L� ULVXOWDWL�
VSHULPHQWDOL�PHWWRQR�LQ�HYLGHQ]D�
O
HVLVWHQ]D� GL� XQD� UHJLRQH� GL�
WUDQVL]LRQH��

3HU TXDQWR� DWWLHQH� OD�
VFDOD� GHOOH� OXQJKH]]H� E��
SUHFHGHQWHPHQWH� GHILQLWD�� GDOOD�
ILJ��������VL�HYLQFH�FRPH�QRQ�FL�
VLD�XQD�VRVWDQ]LDOH�GLIIHUHQ]D�WUD�
LO� FRPSRUWDPHQWR� GL� XQ� JHWWR�
SXUR� H� TXHOOR� GL� XQD� SLXPD��
&LRQRQRVWDQWH��3DSDQLFRODRX�H�/LVW��������SURSRQJRQR�GXH�GLVWLQWH�UHOD]LRQL�
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FKH VRQR� ULSRUWDWH� LQ� ILJ�� ������ �VL� q� SRVWR� 6�]� &��FF� HVVHQGR� &� OD� FRQFHQWUD]LRQH�
DOO
HIIOXVVR�H� FF OD�FRQFHQWUD]LRQH�PHGLD� LQ�DVVH�DO�YDULDUH�GL�]���'HILQHQGR� OD�VFDOD�GHOOH�
OXQJKH]]H� EF FRPH� OD� GLVWDQ]D�� LQ� GLUH]LRQH� WUDVYHUVDOH� DOO
DVVH� GHO� JHWWR� GL� GHQVLWj�� LQ�
FRUULVSRQGHQ]D� GHOOD� TXDOH� OD� FRQFHQWUD]LRQH� q� ��H� YROWH� TXHOOD� LQ� DVVH�� L� ULVXOWDWL�
VSHULPHQWDOL� GL� 3DSDQLFRODRX� H� /LVW� ������� SRUWDQR� D� FRQFOXGHUH� FKH� YDOJRQR� OH� VHJXHQWL�
UHOD]LRQL�
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)LJ���������$QGDPHQWR�GHOOH�VFDOH�GL�OXQJKH]]D�E�H�EF�

/H�SUHFHGHQWL�HTXD]LRQL�PHWWRQR�LQ�HYLGHQ]D�FKH�OD�VFDOD�EF q SL��JUDQGH�GHOOD�VFDOD�
E� GDWD�GDOOH����������LQ�DFFRUGR�FRQ�5RXVH�HW�DO����������PD�LQ�FRQWUDVWR�FRQ�L�ULVXOWDWL�GL�
*HRUJH�HW�DO���������H�1DNDJRPH�H�+LUDWD���������SHU�L�TXDOL�E!EF� 7XWWDYLD��3DSDQLFRODRX�
H /LVW� ������� PHWWRQR� LQ� HYLGHQ]D� FKH� WXWWL� JOL� DXWRUL� SUHFHGHQWHPHQWH� ULFKLDPDWL�
HIIHWWXDURQR�OH�PLVXUD]LRQL�VSHULPHQWDOL�LQ�XQ�FDPSR�YLFLQR��RVVLD�D�GLVWDQ]H�LQIHULRUL�D����
YROWH� LO� GLDPHWUR�� SHU� L� JHWWL� SXUL�� H� D� ��� YROWH� LO� GLDPHWUR�� SHU� OH� SLXPH�� ,� ULVXOWDWL�
VSHULPHQWDOL� GL� 3DSDQLFRODRX� H� /LVW� �������� LQYHFH�� VL� HVWHQGRQR� ILQR� D� ���� YROWH� LO�
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GLDPHWUR��8WLOL]]DQGR�OH���������H���������SHU�]�O0!��VL�RWWLHQH�

λ = b
b

= 1.194,c

FKH� q� XQ� YDORUH�PROWR� SURVVLPR� D� ����� FRPXQHPHQWH� DFFHWWDWR� QHOOD� SURJHWWD]LRQH� GHJOL�
VFDULFKL�GL�HIIOXHQWL�DVVLPLODELOL�D�JHWWL�GL�GHQVLWj��0XHOOHQKRI�HW�DO����������7DOH�UHOD]LRQH�
FRQVHQWH�GL�ULFDYDUH�OD�VFDOD�EF VH�q�QRWD�OD�VFDOD�E�GL�SL��IDFLOH�GHWHUPLQD]LRQH��

3HU TXDQWR�DWWLHQH�OH�TXDQWLWj�GL�PRWR��L�ULVXOWDWL�VSHULPHQWDOL�GL�3DSDQLFRODRX�H�/LVW�
������� VRQR� ULSRUWDWL� LQ� ILJ���������GD�FXL� VL� HYLQFH�� DQFRUD�XQD�YROWD�� FKH�SHU�]�O0���LO�
FRPSRUWDPHQWR�GHO�JHWWR�GL�GHQVLWj�q�VLPLOH�D�TXHOOR�GL�XQ�JHWWR�SXUR��PHQWUH�SHU�]�O0!��LO�
FRPSRUWDPHQWR�VL�DYYLFLQD�D�TXHOOR�GL�XQD�SLXPD��

$QDOLWLFDPHQWH��VHFRQGR�3DSDQLFRODRX�H�/LVW��������VL�KD�
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'DOOH�UHOD]LRQL�DQDOLWLFKH�VL�RVVHUYD�FKH��SHU�]�O0����RVVLD�SHU�OD�UHJLRQH�LQ�FXL�LO�JHWWR�GL�
GHQVLWj VL�FRPSRUWD�FRPH�XQ�JHWWR�SXUR��LO�UDSSRUWR�WUD�OD�TXDQWLWj�GL�PRWR�GHOOD�JHQHULFD�
VH]LRQH WUDVYHUVDOH�D�TXRWD�]�H�OD�TXDQWLWj�GL�PRWR�LQL]LDOH�QRQ�q�HVDWWDPHQWH�XJXDOH�DG�XQR��
LQROWUH�GDOOD�ILJ��������VL�QRWD�XQD�FHUWD�GLIIXVLRQH�GHL�GDWL��$�WDO�ULJXDUGR��ELVRJQD�PHWWHUH�
LQ HYLGHQ]D� FKH� O
LSRWHVL� VHFRQGR� FXL� OD� TXDQWLWj� GL�PRWR� GL� XQ� JHWWR� SXUR� VLD� FRVWDQWH� q�
YDOLGD�QHO�FDVR�GL�DVVHQ]D�GL�XQD�FRPSRQHQWH�GL�YHORFLWj�GHO�IOXLGR�DPELHQWH�QHOOD�GLUH]LRQH�
GHOO
DVVH�GHO�JHWWR��/
HVLVWHQ]D�GL�XQ�PRWR�GHO�IOXLGR�DPELHQWH�LQ�GLUH]LRQH�DVVLDOH�DQGUHEEH�
DG� LQIOXHQ]DUH� LO� YDORUH� WHRULFR� GHOOD� TXDQWLWj� GL�PRWR� GL� XQ� JHWWR�� ,Q� HIIHWWL�� SHU� L� JHWWL�
VWXGLDWL�LQ�ODERUDWRULR��LQ�FXL�VL�ID�XVR�GL�YDVFKH�GL�GLPHQVLRQH�ILQLWD��q�IDFLOH�FKH�VL�IRUPLQR�
GHOOH�FRUUHQWL�QRQ�GHVLGHUDWH� �7D\ORU��������� ,Q�SDUWLFRODUH��q�GD�DWWHQGHUVL� OD�SUHVHQ]D�GL�
XQD FRUUHQWH�GL�ULWRUQR�LQ�SURVVLPLWj�GHOOH�SDUHWL�H��LQ�JHQHUDOH��GHOOH�]RQH�HVWHUQH�DO�JHWWR��
3HUWDQWR�� VH� OH�PLVXUH� QRQ� YHQJRQR� FRQGRWWH� LQ� WXWWH� OH� ]RQH� LQWHUHVVDWH� GDOOH� FRUUHQWL� GL�
ULWRUQR��LO�YDORUH�VSHULPHQWDOH�GHOOD�TXDQWLWj�GL�PRWR�SRWUj�GLIIHULUH�GD�TXHOOR�WHRULFR��
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3HU�YDORUL�GL�]�O0!��OH�UHOD]LRQL�
SUHVHQWDWH� QHO� SDUDJUDIR� ���� D� ULJXDUGR�
GHOOD� YDULD]LRQH�GHOOD�YHORFLWj� LQ� DVVH� H�
GHOOD�VFDOD�GL�OXQJKH]]D�E�LQ�IXQ]LRQH�GL�
]��QHOO
LSRWHVL�GL�SRWHU�GHILQLUH�XQ�YDORUH�
FRVWDQWH� GHO� UDSSRUWR� WUD� OD� YHORFLWj�
PHGLD� LQ� RJQL� VH]LRQH� H� OD� YHORFLWj�
PDVVLPD� ������ QHO� FDVR� GL� XQD� SLXPD��
VHFRQGR� 3HGHUVHQ�� ������� SRUWDQR� D�
FRQFOXGHUH� FKH� OD� TXDQWLWj� GL� PRWR�
GHEED� YDULDUH� VHFRQGR� OD� VHJXHQWH�
UHOD]LRQH�

M(z) V b z z = z .2 2 -0.33 2 2 4/3∝ ∝ ⋅⋅

,Q� HIIHWWL� L� ULVXOWDWL� GL� 3DSDQLFRODRX� H� /LVW� ������� FRQIHUPDQR� TXHVWR� DQGDPHQWR�
FRPH VL�YHGH�GDOOD�ILJ���������

$QDORJDPHQWH��SHU�TXDQWR�DWWLHQH�OH�SRUWDWH��WHRULFDPHQWH�VL�RWWLHQH�

Q(z) V b z z = z2 -0.33 2 5/3∝ ⋅ ∝ ⋅  
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6HPSUH�GDOOD�VWHVVD�ILJXUD�VL�HYLQFH�FKH�
OD SRUWDWD�q�IXQ]LRQH�OLQHDUH�GHOOD�]��SHU�
]�O0���� RVVLD� QHOOD� UHJLRQH� LQ� FXL� LO�
JHWWR�GL�GHQVLWj� q��GL� IDWWR��DVVLPLODELOH�
DG�XQ�JHWWR�SXUR��
�

)LJ���������$QGDPHQWR�GHOOH�SRUWDWH� 


