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FDPSR� GL� PRWR� RQGRVR� VXL� SURFHVVL� GL� GLOXL]LRQH� GHJOL� VFDULFKL� GL� LQTXLQDQWL�� /
DXWRUH�
VXJJHULVFH�GL�WHQHU�FRQWR��SHU�XQD�RWWLPDOH�SURJHWWD]LRQH�GHL�GLIIXVRUL��GHO�SRVLWLYR�HIIHWWR�
GHOOH� RQGH�� 4XHVWR� SRWUHEEH�
FRQVHQWLUH�GL�UHDOL]]DUH� OR�VFDULFR�LQ�
DFTXH� SL�� EDVVH� ULVSHWWR� D� TXDQWR�
LQGLFDWR� GDOOH� SURFHGXUH� SURJHWWXDOL�
FRQYHQ]LRQDOL�� VHPSUH� FKH� QRQ�
LQWHUYHQJDQR� GHOOH� PRWLYD]LRQL� GL�
DOWUD� QDWXUD�� OHJDWH� DOOD� WXWHOD� GHO�
OLWRUDOH� D� VFRQVLJOLDUH� XQD� WDOH�
VROX]LRQH�� 7XWWR� FLz� SRWUHEEH�
WUDGXUVL�LQ�XQ�VLJQLILFDWLYR�ULVSDUPLR�
QHL FRVWL�GL�UHDOL]]D]LRQH�GHOOH�RSHUH��

1HO VHJXLWR� VL� SUHVHQWHUj� XQ�
PRGHOOR�PDWHPDWLFR�SURSRVWR�GD�&KLQ��������SHU�VLPXODUH�O
HIIHWWR�GHOOH�RQGH�VXO�SURFHVVR�
GL PHVFRODPHQWR�GL�XQ�JHWWR�GL�GHQVLWj��
�
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1HO FDVR�GL�SUHVHQ]D�GL�PRWR�RQGRVR��LO�SURFHVVR�GL�PHVFRODPHQWR�q�LQIOXHQ]DWR�GDO�
PRWR� UHODWLYR� HVLVWHQWH� WUD� LO� IOXLGR�
DPELHQWH� H� TXHOOR� GHO� JHWWR� GL�
GHQVLWj�� OD� ILJ�� ������� YLVXDOL]]D� LO�
PRWR� UHODWLYR� GHO� JHWWR� ULVSHWWR� DO�
FDPSR�GL�PRWR�GHO� IOXLGR�DPELHQWH��
'DOOD� ILJXUD� q� HYLGHQWH�� VHFRQGR�
TXDQWR�SURSRVWR�GD�&KLQ���������FKH�
OD YHORFLWj� UHODWLYD� Y� KD� GXH�
FRPSRQHQWL� FKH� LQGXFRQR� GXH�
GLIIHUHQWL� PHFFDQLVPL� GL� LQWUXVLRQH��
OD FRPSRQHQWH� OXQJR� ξ LQGXFH� XQD�
LQWUXVLRQH� UDGLDOH�� PHQWUH� TXHOOD�
OXQJR U� SURYRFD� XQD� LQWUXVLRQH�
IRU]DWD� ,Q� HIIHWWL�� FRPH� PHVVR� LQ�
HYLGHQ]D� GDOOR� VWHVVR� &KLQ� ��������
XQD VWLPD�TXDQWLWDWLYD�GHOOR�VFDPELR�
GL PDVVH�FKH�VL�UHDOL]]D�WUD�XQ�JHWWR�
GL GHQVLWj�H�LO�IOXLGR�DPELHQWH�LQ�PRWR�q�VRJJHWWD�D�GLIIHUHQWL�LQWHUSUHWD]LRQL�GD�SDUWH�GHJOL�
DXWRUL� FKH�KDQQR� VWXGLDWR� IHQRPHQL� DQDORJKL��:LQLDUVNL� H�)ULFN� ������������� FDOFRODURQR�
O
LQWUXVLRQH� OHJDWD� DL� GXH�PHFFDQLVPL�GL� FXL� VL� q�GHWWR� LQ�SUHFHGHQ]D�� FRQFOXGHQGR�FKH� OD�
SRUWDWD�WRWDOH�GL�LQWUXVLRQH�q�LQIHULRUH�DOOD�VRPPD�GHOOH�VLQJROH�SRUWDWH�GL�LQWUXVLRQH�UDGLDOH�
H IRU]DWD��)ULFN� �������H�&KLQ� �������DUULYDURQR�DG�XQD�FRQFOXVLRQH�RSSRVWD�� ULWHQHQGROD�
SL�� UHDOLVWLFD�� (G� q� SURSULR� VX� WDOH� FRQFOXVLRQH� FKH� VL� EDVD� OD� IRUPXOD]LRQH� GHO�PRGHOOR�
PDWHPDWLFR�GL�&KLQ��������� LQ�FXL�ROWUH�DO�FODVVLFR�FRHIILFLHQWH�GL� LQWUXVLRQH�α OHJDWR�DOOH�
FRPSRQHQWL�ORQJLWXGLQDOL�GHO�JHWWR��VL�ID�XVR�GL�XQ�FRHIILFLHQWH�GL�LQWUXVLRQH�IRU]DWR�β�

/H HTXD]LRQL�FKH�JRYHUQDQR�LO�PRWR�H�OD�GLOXL]LRQH�GHOO
HOHPHQWR�FLOLQGULFR�GHO�JHWWR�
PRVWUDWR�LQ�ILJ���������VRQR�OH�VHJXHQWL��
���(TXD]LRQH�GHOOD�FRQVHUYD]LRQH�GHOOD�TXDQWLWj�GL�PRWR�LQ�GLUH]LRQH�RUL]]RQWDOH�
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*b =
2

2
.

/H� HTT�� ����������� VRQR�� GXQTXH�� XWLOL]]DWH� SHU� VSHFLILFDUH� OH� FRQGL]LRQL� LQL]LDOL�
GHOO
HOHPHQWR�FLOLQGULFR�GHO�JHWWR�GL�GHQVLWj���

,O PRGHOOR� GL�&KLQ� ������� JHQHUD� XQD� VHTXHQ]D� GL� LPPDJLQL� LVWDQWDQHH� GHOO
LQWHUR�
JHWWR�GL�GHQVLWj�FRO�VHJXHQWH�PHWRGR��1HOO
LVWDQWH�GL�WHPSR�W ���LO�SULPR�HOHPHQWR�GHO�JHWWR�
q ORFDOL]]DWR�DOOD�ILQH�GHOOD�=)(��FRQ�GLVWULEX]LRQH�JDXVVLDQD�GHOOD�YHORFLWj�UHODWLYD�Y
� GHO�
GHILFLW�GL�GHQVLWj�∆ρ
� H�GHOOD�FRQFHQWUD]LRQH�F
���,�YDORUL�LQ�DVVH�GL�TXHVWH�JUDQGH]]H�VRQR�
GDWL� GDOOH� HTT�� ������������ /D� VFDOD� GL� OXQJKH]]D� LQ� GLUH]LRQH� WUDVYHUVDOH� DO� JHWWR� q� GDWD�
GDOO
HT�� ��������� 3HU� DVVHJQDWL� LQFUHPHQWL� ∆ξ� OXQJR� O
DVVH� LVWDQWDQHR� GHO� JHWWR�� OH� HTT��
�����������H������������VRQR�ULVROWH�FRQ�PHWRGL�QXPHULFL��4XHVWH�HTXD]LRQL�FRQVHQWRQR�GL�
RWWHQHUH� L� YDORUL� GHL� SDUDPHWUL� GHO� JHWWR� DOOD� VXFFHVVLYD� SRVL]LRQH� GHOO
HOHPHQWR��
/
LQFUHPHQWR�ODJUDQJLDQR�GL�WHPSR�DVVRFLDWR�DG�RJQL�VWHS q GDWR�GD�

∆
∆ξ

t =
vξ

/D� SURFHGXUD� RUD� GHVFULWWD� YLHQH� ULSHWXWD� ILQR� D� TXDQGR� O
HOHPHQWR� GHO� JHWWR�
UDJJLXQJH�XQD�FHUWD�DOWH]]D��ROWUH�OD�TXDOH�QRQ�VL�YHULILFD�XOWHULRUH�GLOXL]LRQH��3URFHGHQGR�
FRQ RSSRUWXQL�LQFUHPHQWL�WHPSRUDOL�VL�SRWUDQQR�RWWHQHUH�JOL�DQGDPHQWL�LVWDQWDQHL�GL�Y��∆ρ�H�
F� UHODWLYL�D�WXWWR�LO�JHWWR��

6L RVVHUYD�FKH� LO�PRGHOOR�FRQWLHQH�GXH�FRHIILFLHQWL�GL� LQWUXVLRQH��α H β� &RPH�JLj�
GHWWR�SUHFHGHQWHPHQWH�LO�SURFHVVR�GL�LQWUXVLRQH�q�GRYXWR�DO�PRWR�UHODWLYR�GHO�JHWWR�ULVSHWWR�
DOO
DPELHQWH� FLUFRVWDQWH� �ILJ�� ��������� 6HFRQGR� &KLQ� ������� VL� SXz� ULWHQHUH� FKH� α QRQ
GLIIHULVFD� VLJQLILFDWLYDPHQWH� GDO� FDVR�GL� IOXLGR�DPELHQWH� LQ�TXLHWH��3HU� VWLPDUH�β� LQYHFH��
VRQR QHFHVVDUL�GHL�GDWL�VSHULPHQWDOL��VHFRQGR�)ULFN���������β q FLUFD�XJXDOH�D����
�
������9DOLGD]LRQH�GHO�PRGHOOR��

/D YDOLGD]LRQH�GHO�PRGHOOR�q�VWDWD�UHDOL]]DWD�GD�&KLQ��������FRPH�VHJXH��
��� OH� SUHYLVLRQL� GHO� PRGHOOR� VRQR� VWDWH� FRQIURQWDWH� FRQ� L� ULVXOWDWL� VSHULPHQWDOL� GL� &KLQ�

(11.1.35)

(11.1.36)
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��������ULSRUWDWL�QHO�FDS�����SRQHQGR�β XJXDOH�DG����
�� O
DPSLH]]D�GHOOH�RQGH�q�VWDWD�SRVWD�XJXDOH�D�]HUR�H�OH�SUHYLVLRQL�GHO�PRGHOOR�VRQR�VWDWH�
FRQIURQWDWH�FRQ�LO�PRGHOOR�GL�)DQ�H�%URRNV���������
�� OH� LPPDJLQL� LVWDQWDQHH�GHO�JHWWR�GL�GHQVLWj�JHQHUDWH�GDO�PRGHOOR�VRQR�VWDWH�FRQIURQWDWH�
FRQ TXHOOH�ULSUHVH�GXUDQWH�OH�HVSHULHQ]H��

/H VLPXOD]LRQL�GHO�PRGHOOR�VRQR�VWDWH�HIIHWWXDWH�SHU�FRQGL]LRQL�VSHULPHQWDOL�GHVFULWWH�
GD &KLQ� �������� ,� SDUDPHWUL� XVDWL� QHOOH� VLPXOD]LRQL� GHO� PRGHOOR� VRQR� LQ� DFFRUGR� FRQ� OH�
DVVXQ]LRQL� K�=%!!�� H� X!!Z�� ,� ULVXOWDWL� VRQR� ULSRUWDWL� LQ� ILJ�� �������� GRYH� 6� q� OD�
GLOXL]LRQH�PLVXUDWD��6� q OD�GLOXL]LRQH�QHO�FDVR�GL�PDQFDQ]D�GL�PRWR�RQGRVR��/4 H =0 VRQR�
OH VFDOH�GHOOH�OXQJKH]]H�GHILQLWH�FRPH�VHJXH�

Q 1/2L =
Q

M

M

1/2

Z = M
umax  

HVVHQGR�0� LO� IOXVVR� GHOOD�
TXDQWLWj� GL� PRWR� DOOR�
VFDULFR�� 4� OD� SRUWDWD�
YROXPHWULFD� HIIOXHQWH� H�
XPD[� OD� YHORFLWj� PDVVLPD�
LQGRWWD� GDOOH� RQGH� DO�
OLYHOOR�GHOOR�VFDULFR��&KLQ�
UHDOL]]z� OH� VLPXOD]LRQL�
ILVVDQGR� +�/0 FLUFD�
XJXDOH� D� ��� /0�/4 ����
θ� θ� ���FRQ�/0 GHILQLWD�
FRPH�VHJXH�

(11.2.1)

)LJ����������&RQIURQWR�WUD�L�ULVXOWDWL�GHO�PRGHOOR�H�TXHOOL�VSHULPHQWDOL� 

(11.2.2)

(11.1.3)
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M

3/4

1/2L = M

B

H DYHQGR�LQGLFDWR�FRQ�+�OD�SURIRQGLWj�GHOOR�VFDULFR��FRQ�%�LO�IOXVVR�VSHFLILFR�GHOOD�VSLQWD�GL�
JDOOHJJLDPHQWR�� FRQ� θ� O
DQJROR� WUD� OD� GLUH]LRQH� GL� LPPLVVLRQH� GHO� JHWWR� ULVSHWWR� DOOD�
GLUH]LRQH� RUL]]RQWDOH� H� FRQ� θ� O
DQJROR� WUD� OD� GLUH]LRQH� GL� LPPLVVLRQH� GHO� JHWWR� H� OD�
GLUH]LRQH�GL�SURSDJD]LRQH�GHOOH�RQGH��/D�GLOXL]LRQH�PHGLD��6��GHOO
HOHPHQWR�GHO�JHWWR�QHO�
PRGHOOR�PDWHPDWLFR�q�FDOFRODWD�XVDQGR�OD�UHOD]LRQH�

S = 2 c
c

D

0

&RPH� q� VWDWR� HYLGHQ]LDWR� QHO� FDS�� ���&KLQ� ������� KD�PRVWUDWR� FKH� JOL� VFDULFKL� LQ�
DFTXH�SRFR�SURIRQGH�VXELVFRQR�XQ�VLJQLILFDWLYR�LQFUHPHQWR�GL�GLOXL]LRQH�FRQ�OD�SUHVHQ]D�GL�
XQ PRWR�RQGRVR��ULVSHWWR�DO�FDVR�GL�IOXLGR�DPELHQWH�LQ�TXLHWH��

(11.1.4)


