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&K\DQ�H�+ZXQJ��������VWXGLDURQR�O
LQWHUD]LRQH�GL�XQ�JHWWR�SXUR�FRQ�XQ�FDPSR�GL�

PRWR�RQGRVR��(VVL�UHDOL]]DURQR�OH�ORUR�HVSHULHQ]H�LQ�XQ�FDQDOH�GL�OXQJKH]]D������P��ODUJR�
�����P�H�SURIRQGR������P��,O�FDQDOH�HUD�GRWDWR�GL�XQ�VLVWHPD�D�SLVWRQH�SHU�OD�JHQHUD]LRQH�
GHO PRWR� RQGRVR�� *OL� DXWRUL� FRQGXVVHUR� XQD� VHULH� GL� HVSHULHQ]H� VXL� JHWWL� SXUL� LPPHVVL�
YHUWLFDOPHQWH� LQ� XQ� FDPSR� GL� OLTXLGR� LQ� PRWR� RQGRVR�� /H� VHL� FRQILJXUD]LRQL� DQDOL]]DWH�
SRVVRQR� HVVHUH� FRVu� VLQWHWL]]DWH�� SHULRGR�7� GHO�PRWR� RQGRVR� YDULDELOH� WUD� ����� H� ����� V��
DOWH]]D�G
DFTXD�LQ�FDQDOH�GL������FP��SURIRQGLWj�UHODWLYD�K�/�YDULDELOH�WUD�������H���������
GLDPHWUR�'�GHOO
XJHOOR�GL�����PP�H�YHORFLWj�:� GHO�JHWWR�DOOR�VFDULFR�YDULDELOH�WUD������H�
�����FP�V��

6XOOD�EDVH�GHOOH�HVSHULHQ]H�FRQGRWWH��JOL�DXWRUL�SHUYHQQHUR�DG�XQD�VSLHJD]LRQH�ILVLFD�
GHO SURFHVVR�GL� LQWHUD]LRQH�GL�XQ�JHWWR�FRQ�XQ�PRWR�RQGRVR�FKH�VL�ULWLHQH�SDUWLFRODUPHQWH�
LQWHUHVVDQWH��

&K\DQ�H�+ZXQJ� �������� FRPH�*HU� �������� ULWHQJRQR�FKH�VLD�SRVVLELOH� VWXGLDUH�XQ�
JHWWR�LPPHVVR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�PRWR�RQGRVR�LQ�DQDORJLD�FRQ�XQ�JHWWR�LPPHVVR�LQ�
XQ FDPSR� GL� OLTXLGR� FRQ� SUHVHQ]D� GL� XQD� FRUUHQWH� WUDVYHUVDOH� R� SDUDOOHOD� DO� VXR� DVVH�
�ULVSHWWLYDPHQWH�FURVV�FXUUHQW�MHW�H�FR�VWUHDP�MHW���GL�FXL�VL�q�WUDWWDWR�QHO�FDSS����H����$�WDO�
ULJXDUGR�� SHU� ILVVDUH� OH� LGHH�� VL� IDFFLD� ULIHULPHQWR� DO� FDVR� GL� XQ� JHWWR� SXUR� LPPHVVR�
YHUWLFDOPHQWH� LQ� XQ� FDPSR� GL� OLTXLGR� LQ�PRWR� RQGRVR�PRQRFURPDWLFR�� ,O� FDPSR� GL�PRWR�
VDUj�LQ�DOFXQL�LVWDQWL�DQDORJR�D�TXHOOR�GL�XQ�JHWWR�LQWHUDJHQWH�FRQ�XQD�FRUUHQWH�WUDVYHUVDOH�DO�
VXR DVVH� �TXDQGR� OD� FRPSRQHQWH� RUL]]RQWDOH� GL� YHORFLWj� GHO� PRWR� RQGRVR� q� PDVVLPD� H��
GXQTXH� OD� FRUULVSRQGHQWH� FRPSRQHQWH� YHUWLFDOH� q� QXOOD�� H�� LQ� DOWUL� LVWDQWL�� DQDORJR� D� XQ�
JHWWR� LPPHVVR� LQ�XQD�FRUUHQWH� FRQ�GLUH]LRQH�SDUDOOHOD�DO� VXR�DVVH� �TXDQGR� OD�FRPSRQHQWH�
RUL]]RQWDOH� GL� YHORFLWj� GHO�PRWR�RQGRVR� q� QXOOD� H�� GXQTXH�� OD� FRUULVSRQGHQWH� FRPSRQHQWH�
YHUWLFDOH� q� PDVVLPD��� ,Q� WXWWL� JOL� DOWUL� LVWDQWL� LQWHUPHGL� SUHYDUUj� O
XQD� R� O
DOWUD� GHOOH� GXH�
VLWXD]LRQL� OLPLWL�� SUHFHGHQWHPHQWH� LQGLFDWH�� LQ� IXQ]LRQH� GHO� UDSSRUWR� WUD� OD� FRPSRQHQWH�
RUL]]RQWDOH�H�YHUWLFDOH�GL�YHORFLWj�GHO�PRWR�RQGRVR��(
�HYLGHQWH�FKH��QHO�FDVR�GL�DFTXH�EDVVH�
�K�/������� R� LQWHUPHGLH� ������K�/������� OD� FRPSRQHQWH� RUL]]RQWDOH� GL� YHORFLWj� VDUj�
PDJJLRUH�GL�TXHOOD�YHUWLFDOH�SHU�OD�PDJJLRU�SDUWH�GHO�SHULRGR�7�GHO�PRWR�RQGRVR��

&K\DQ� H� +ZXQJ� DQDOL]]DURQR� L� JHWWL� FRQ� WHFQLFKH� GL� YLVXDOL]]D]LRQH� GHL� IOXVVL��
IDFHQGR�XVR�GL�XQ�WUDFFLDQWH��/H�LQGDJLQL�IXURQR�FRQGRWWH�VLD�SHU�LO�FDVR�GL�IOXLGR�DPELHQWH�
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LQ TXLHWH� VLD� SHU� LO� FDVR� GL� IOXLGR� DPELHQWH� LQ�PRWR� RQGRVR�� ,O� FRQIURQWR� GHOOH� LPPDJLQL�
RWWHQXWH�PHWWH� LQ� HYLGHQ]D� FRPH�� QHO� FDVR� GL� SUHVHQ]D� GHO�PRWR� RQGRVR�� VLD� HYLGHQWH�� LQ�
RJQL LVWDQWH� GL� WHPSR�� XQ� PDJJLRU� DOODUJDPHQWR� GHO� JHWWR�� 4XHVWR� FRQIHUPD� O
HIIHWWR�
SRVLWLYR� GHO� PRWR� RQGRVR� VXL� SURFHVVL� GL� GLIIXVLRQH� GHO� JHWWR� H� GL� GLOXL]LRQH� GHO� VROXWR�
WUDVSRUWDWR��

/H LPPDJLQL��RWWHQXWH�DWWUDYHUVR�OD�WHFQLFD�GL�YLVXDOL]]D]LRQH�GHL�IOXVVL�XWLOL]]DWD�GD�
&K\DQ�H�+ZXQJ��FRQVHQWRQR�GL�GLVWLQJXHUH��LQ�XQ�JHWWR�LPPHVVR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�
PRWR�RQGRVR��WUH�GLVWLQWH�UHJLRQL��FKH��D�SDUWLUH�GDOO
XJHOOR��SRVVRQR�HVVHUH�FRVu�GHILQLWH��
���UHJLRQH�GL�IOHVVLRQH�GHO�JHWWR�
���UHJLRQH�GL�WUDQVL]LRQH�
�� UHJLRQH�GL�JHWWR�VYLOXSSDWR�

1HOOD�UHJLRQH�GL�IOHVVLRQH��VL�YHGD�OD�
ILJ� �������VL�RVVHUYD�FKH�LO�JHWWR�q�GRPLQDWR�
GDOOD� VXD� TXDQWLWj� GL� PRWR�� ,Q� TXHVWR� FDVR��
HYLGHQWHPHQWH�� O
LQFUHPHQWR�GHO�SURFHVVR�GL�
PHVFRODPHQWR�� ULVSHWWR� DO� FDVR� GL�
LPPLVVLRQH� LQ� DFTXD� IHUPD�� q� WUDVFXUDELOH��
,Q TXHVWD� UHJLRQH�� OH� WHFQLFKH� GL�
YLVXDOL]]D]LRQH�KDQQR�PHVVR�LQ�HYLGHQ]D�XQD�
SHULRGLFD� RVFLOOD]LRQH� GHO� JHWWR�� FKH�� WXWWDYLD�� FRQVHUYD��PHWDIRULFDPHQWH�� OD� VXD� LGHQWLWj�
/H SHULRGLFKH�IOHVVLRQL�VRQR�FKLDUDPHQWH�GRYXWH�DOO
LPSDWWR�GHOOD�PDVVD�OLTXLGD�HVWHUQD��LQ�
PRWR�FRQ�FRPSRQHQWL�RUL]]RQWDOL�GL�YHORFLWj�RVFLOODQWL�QHO�WHPSR��

1HOOD�UHJLRQH�GL�WUDQVL]LRQH�H�GL�JHWWR�VYLOXSSDWR��LO�IOXLGR�DPELHQWH�q�DVVRJJHWWDWR�D�
XQ PHFFDQLVPR� GL� DWWUD]LRQH� GHO� JHWWR�� LQ� YLUW�� GHOOD� SUHVHQ]D� GHO� PRWR� RQGRVR�� H�
VXFFHVVLYR�LQWUDSSRODPHQWR� SHU�HIIHWWR�GHOOD�IOHVVLRQH�SHULRGLFD��ZDYH WUDFWLYH�PHFKDQLVP���
,O ULVXOWDWR�GL�TXHVWD�D]LRQH�FRPELQDWD��GL�IOHVVLRQH�GHO�JHWWR�H�GL�SUHVHQ]D�GHO�PRWR�RQGRVR��
WLSLFD�GHOOD�UHJLRQH�GL�WUDQVL]LRQH�H�GL�JHWWR�VYLOXSSDWR��q�TXHOOR�GL�FRQVHQWLUH�DG�XQ�YROXPH�
QRQ WUDVFXUDELOH�GHO�IOXLGR�DPELHQWH�GL�ULYHUVDUVL�QHOOD�]RQD�FHQWUDOH�GHO�JHWWR��GDQGR�OXRJR�
DG�XQ�QRWHYROH�DOODUJDPHQWR�GL�TXHVW
XOWLPR��ULVSHWWR�DO�FDVR�GL�LPPLVVLRQH�LQ�DFTXD�IHUPD��
7DOH�PHFFDQLVPR��VHFRQGR�&K\DQ�H�+ZXQJ��������� VL�DIILDQFD�DO�FODVVLFR�PHFFDQLVPR�GL�
LQWUXVLRQH�GL�XQ�JHWWR�LQ�DFTXD�IHUPD��&L�VL�DWWHQGH��GXQTXH��XQ�PLJOLRUDPHQWR�GHO�SURFHVVR�

)LJ��������6FKHPD�GL�JHWWR�LQWHUDJHQWH�FRQ�XQ�FDPSR�GL�PRWR�RQGRVR� 
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GL GLIIXVLRQH�GHO�JHWWR�H�GL�GLOXL]LRQH�GHO�VROXWR�
LPPHVVR��QHO�FDVR�GL�SUHVHQ]D�GL�PRWR�RQGRVR��

&K\DQ� H� +ZXQJ� ������� RVVHUYDQR��
LQROWUH��FKH�XQ
DOWUD�LPSRUWDQWH�FDUDWWHULVWLFD�GHL�
JHWWL�LQWHUDJHQWL�FRQ�XQ�FDPSR�GL�PRWR�RQGRVR�q�
UDSSUHVHQWDWD�GDOOD�IRUPD]LRQH�GL�VFLH�YRUWLFRVH�
LQ GLUH]LRQH�VRWWRYHQWR�ULVSHWWR�DOOD�FRPSRQHQWH�
RUL]]RQWDOH�GL�YHORFLWj��VL�YHGD�OD�ILJ���������,Q�
HIIHWWL�� TXDQGR� OD� FRPSRQHQWH� RUL]]RQWDOH� GL�
YHORFLWj� UDJJLXQJH� LO� VXR� PDVVLPR� YDORUH�� OH�
VH]LRQL� WUDVYHUVDOL� GHO� JHWWR� DVVXPRQR� OD�
FODVVLFD� IRUPD� GL� UHQH� R� GL� IHUUR� GL� FDYDOOR�
WLSLFD�GHL�JHWWL� LPPHVVL� LQ�XQ�FDPSR�GL� OLTXLGR�
FRQ FRUUHQWH� WUDVYHUVDOH� DO� ORUR� DVVH�� ,� YRUWLFL�� FKH� VL� IRUPDQR� SHU� LO� IHQRPHQR�
SUHFHGHQWHPHQWH�GHVFULWWR��FDPELDQR�SHULRGLFDPHQWH�SRVL]LRQH� LQ� IXQ]LRQH�GHO�YHUVR�GHOOD�
FRPSRQHQWH� RUL]]RQWDOH� GL� YHORFLWj�� 6HFRQGR� &K\DQ� H� +ZXQJ�� O
LQFUHPHQWR� GL� YRUWLFLWj�
OHJDWR�D�TXHVWR�IHQRPHQR�q�XQ
XOWHULRUH�FDXVD�GL�LQFUHPHQWR�GHO�SURFHVVR�GL�LQWUXVLRQH��

(
 HYLGHQWH��WXWWDYLD��FKH�LO�IHQRPHQR�GHOOD�IRUPD]LRQH�GHL�YRUWLFL�q�OHJDWR�DO�FDPSR�
GL PRWR� RQGRVR� DQDOL]]DWR�� ,QIDWWL�� WDOL� YRUWLFL� VDUDQQR� FDUDWWHUL]]DWL� GD� XQD� IUHTXHQ]D� GL�
GLVWDFFR�I��$�SDULWj�GL�WXWWH�OH�DOWUH�FRQGL]LRQL��VH�I�q�PROWR�SL��JUDQGH�GL�I� ��7��HVVHQGR�
7 LO� SHULRGR� GHO� PRWR� RQGRVR�� VL� KD� XQD� PDJJLRUH� SRVVLELOLWj� GL� VYLOXSSR� GHO� FDPSR�
YRUWLFRVR��YLFHYHUVD��WDOH�VYLOXSSR�GHYH�WHQGHUH�D�ULGXUVL�DO�GHFUHVFHUH�GL�I�ULVSHWWR�D�I�� ILQR�
HYLGHQWHPHQWH�DOOD�VFRPSDUVD�WRWDOH�GHO�IHQRPHQR�SHU�YDORUL�GL�I�!I��,Q�TXHVW
XOWLPR�FDVR�q�
ORJLFR� DWWHQGHUVL� FKH� O
D]LRQH� FRPELQDWD� GL� IOHVVLRQH� GHO� JHWWR� H� GL� DWWUD]LRQH� GHOOH� RQGH�
�ZDYH� WUDFWLYH�PHFKDQLVP� VLD� LO� IDWWRUH� GRPLQDQWH� OHJDWR� DOO
LQFUHPHQWR� GHOOD� GLOXL]LRQH�
ULVSHWWR�DO�FDVR�GL�JHWWR�LPPHVVR�LQ�DFTXD�IHUPD��

&K\DQ�H�+ZXQJ��������ULWHQJRQR��LQROWUH��FKH�QHO�FDVR�LQ�FXL�LO�JHWWR�VLD�LPPHVVR�
RUL]]RQWDOPHQWH� QHO� FDPSR� GL� OLTXLGR� LQ� PRWR� RQGRVR�� O
LQFUHPHQWR� GHOOD� GLIIXVLRQH� VLD�
OHJDWR� VHPSOLFHPHQWH� DOO
LQWHUD]LRQH� GHO� JHWWR� VWHVVR� FRQ� OH� FRPSRQHQWL� RUL]]RQWDOL� GL�
YHORFLWj�GHO�IOXLGR�DPELHQWH��7XWWDYLD��q�ORJLFR�DWWHQGHUVL�FKH�GXUDQWH�OD�IDVH�GL�ULVDOLWD�GHO�
JHWWR��TXDQGR�TXHVWR�WHQGHUj�D�GLVSRUVL�YHUWLFDOPHQWH��VL�YHULILFKHUDQQR�L�IHQRPHQL�GHVFULWWL�

)LJ��������,QWHUD]LRQH�GL�XQ�JHWWR�FRQ�XQ�FDPSR�GL�PRWR�HVWHUQR��

FRQ�IRUPD]LRQH�GL�VFLH�YRUWLFRVH� 
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LQ SUHFHGHQ]D��

����� 6XJOL�VYLOXSSL�DQDOLWLFL�GHOOH�UHOD]LRQL�SURSRVWH�GD�-�0��&K\DQ�H�+�+��+ZXQJ�H�
FRQVLGHUD]LRQL�D�ULJXDUGR��

)DFHQGR� ULIHULPHQWR� DOOD� ILJ�� ������� H� DOOD� WHUQD� FDUWHVLDQD� LYL� UDSSUHVHQWDWD�� VL�
ULSRUWD�OD�SURLH]LRQH�GHOO
HTXD]LRQH�GL�1DYLHU�6WRNHV�OXQJR�O
DVVH�]�
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(12.1.1)

(12.1.2)
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HVVHQGR�� RUD�� X�� Y� H� Z� OH� FRPSRQHQWL� PHGLH� GL� YHORFLWj�� X
�� Y
� H� Z
� OH� FRPSRQHQWL�
WXUEROHQWH� H� XÙ�� YÙ� H�ZÙ� OH� FRPSRQHQWL� SHULRGLFKH�GL� YHORFLWj�GHO� FDPSR�GL�PRWR�GHO� IOXLGR�
DPELHQWH��OXQJR�OH�GLUH]LRQL�[��\�H�]��ULVSHWWLYDPHQWH��H�F�q�OD�FRQFHQWUD]LRQH��

6FHJOLHQGR�RSSRUWXQDPHQWH�$�]��H�ULIHUHQGRVL�DOOD�=()��=RQH�RI�(VWDEOLVKHG�)ORZ���
QHOOD� ��������� VL� SRWUDQQR� HOLPLQDUH� L� SULPL� GXH� WHUPLQL� GHO� SULPR� PHPEUR�� QRQFKp� L�
WHUPLQL�GLIIXVLYL��3HUWDQWR��LQWHJUDQGR�VX�$�]���VL�RWWLHQH�
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LQ� FXL��Z
�! q� OD� WHQVLRQH� QRUPDOH� WXUEROHQWD� OXQJR� OD� GLUH]LRQH� ]� H� S� q� OD� SUHVVLRQH�
LGURGLQDPLFD�LQGRWWD�GDO�PRWR�RQGRVR��4XHVWL�WHUPLQL�VRQR�UHODWLYDPHQWH�SLFFROL�H�SRVVRQR�
HVVHUH WUDVFXUDWL�LQ�SULPD�DSSURVVLPD]LRQH��

2SHUDQGR�DQDORJDPHQWH�SHU�OD����������
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&RPH�GLPRVWUDWR�GD�3DSDQLFRODX�H�/LVW� �������� LO� WHUPLQH��Z
F
!�q�SLFFROR�H��GXQTXH��
WUDVFXUDELOH�LQ�SULPD�DSSURVVLPD]LRQH��

3HUWDQWR�VL�RWWLHQH�OD�VHJXHQWH�HTXD]LRQH�GHOOD�TXDQWLWj�GL�PRWR�

( )
A(z)

2w + < ww > dxdy = M∫ ~~

H OD�VHJXHQWH�HTXD]LRQH GL�FRQVHUYD]LRQH�GHOOD�PDVVD�

( )
A(z)

0wc+ < wc > dxdy = QC∫ ~~

LQ� FXL� VL� q� LQGLFDWR� FRQ�0��4� H�&�� ULVSHWWLYDPHQWH�� OD� TXDQWLWj� GL�PRWR�� OD� SRUWDWD� H� OD�
FRQFHQWUD]LRQH�QHOOD�VH]LRQH�GL�HIIOXVVR��

(12.1.3)

(12.1.4)

(12.1.5)



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS������

���

'DOOH����������H����������VL�RWWLHQH��ULVSHWWLYDPHQWH��

A(z)

2

A(z)
ww dxdy = M - < ww > dxdy = A M∫ ∫ ~~

A(z)
0

A(z)
t 0wcdxdy = QC - < wc > dxdy = A QC .∫ ∫ ~~

1HJOL�XOWLPL�WHUPLQL�GHOOH����������H����������L�FRHIILFLHQWL�$Z H $W LQJOREDQR�JOL�HIIHWWL�GHO�
PRWR�RQGRVR��

3HU TXDQWR�ULJXDUGD�Z�H�F��VL�SRVVRQR�DSSOLFDUH�OH�OHJJL�GL�VLPLOLWXGLQH�VHJXHQWL�
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(12.1.7)

(12.1.8)

(12.1.9)
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