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&RPH� JLj� DFFHQQDWR� LQ� SUHFHGHQ]D�� OH� HVSHULHQ]H� VRQR� VWDWH� FRQGRWWH� VX� XQ� JHWWR�
SXUR�YHUWLFDOH��

6L IDFFLD� ULIHULPHQWR� DOOH� WDEE�� ���������� ,O� SURJUDPPD�GHOOH� SURYH� VSHULPHQWDOL� q�
FRQVLVWLWR� QHOO
DQDOLVL� GHO� FDPSR� GL�PRWR� GL� XQ� JHWWR� LQ� DFTXD� IHUPD� �FRQILJXUD]LRQH�$���
QHOO
DQDOLVL� GL� XQ� FDPSR� GL� PRWR� RQGRVR� �FRQILJXUD]LRQH� %�� GHO� WLSR� FKH� DYUHEEH�
VXFFHVVLYDPHQWH� LQWHUDJLWR� FRQ�XQ�JHWWR� H�� LQILQH��QHOO
DQDOLVL�GHL� FDPSL�GL�PRWR�GHL�JHWWL�
LQWHUDJHQWL� FRQ� OH� RQGH� �FRQILJXUD]LRQL� &�� '� HG� (��� 1HOOH� WDEHOOH� SUHFHGHQWHPHQWH�
ULFKLDPDWH�VRQR�ULSRUWDWH��SHU�OH�YDULH�FRQILJXUD]LRQL��OD�SURIRQGLWj�GHOO
DFTXD�LQ�FDQDOH��K���
LO GLDPHWUR�GHOO
XJHOOR��'���OD�SRUWDWD�GL�HIIOXVVR�4�� OD�YHORFLWj�GL�HIIOXVVR�8�� OD�GLVWDQ]D�
GHOO
XJHOOR�GDO�IRQGR��LO�QXPHUR�GL�5H\QROGV��H�OH�VFDOH�GL�OXQJKH]]D�GHILQLWH�QHO�FDS�����SHU�
TXDQWR� DWWLHQH� OH� FRQILJXUD]LRQL� FRQ� SUHVHQ]D� GL� PRWR� RQGRVR�� VRQR�� DOWUHVu�� ULSRUWDWH�
O
DOWH]]D�G
RQGD��+���OD�OXQJKH]]D�G
RQGD��/���LO�QXPHUR�GL�8UVHOO��8���LO�YDORUH�PDVVLPR�GL�
YHORFLWj�RUL]]RQWDOH�GHO�FDPSR�GL�PRWR�RQGRVR�DO�IRQGR�GHO�FDQDOH��9PD[� H�L�YDORUL�PDVVLPL�
GHOOH�FRPSRQHQWL�RUL]]RQWDOL��YÙPD[� H�YHUWLFDOL��XÙPD[� GL�YHORFLWj�GHO�FDPSR�GL�PRWR�RQGRVR�DO�
YDULDUH�GHOOD�GLVWDQ]D�GDO�IRQGR�GHOOH�VH]LRQL�WUDVYHUVDOL�DQDOL]]DWH�GHO�JHWWR���

7DOH� SURJUDPPD� q� VWDWR�PHVVR� D� SXQWR� DO� ILQH� GL� XQD� FRPSDUD]LRQH� WUD� L� JHWWL� LQ�
DFTXD� IHUPD� H� TXHOOL� LQWHUDJHQWL� FRQ� XQ� FDPSR� GL� PRWR� RQGRVR�� ,QROWUH�� DO� ILQH� GL� XQD�
RJJHWWLYD�YDOXWD]LRQH�GHO� WLSR�GL�RQGH�JHQHUDWH�LQ�FDQDOHWWD��VL�q�UHVD�QHFHVVDULD�XQ
DQDOLVL�
VSHULPHQWDOH� GHOOD� GLQDPLFD�GHO� VROR�PRWR�RQGRVR��6L� ULWLHQH� FKH� WDOH�PRGR�GL� SURFHGHUH�
SRVVD� UHQGHUH� SL�� RELHWWLYD� RJQL� FRQFOXVLRQH� FKH� VL� GRYHVVH� WUDUUH� GDOOH� ULVXOWDQ]H�
VSHULPHQWDOL�FKH�q�VWDWR�SRVVLELOH�RWWHQHUH�QHOO
DPELWR�GHOOD�ULFHUFD�VYROWD��

&LDVFXQD�SURYD�q�VWDWD�FRQGRWWD�VHFRQGR�OD�VHJXHQWH�SUDVVL��6L�HIIHWWXDYD�OD�WDUDWXUD�
GHOOD�VRQGD�UHVLVWLYD��6XFFHVVLYDPHQWH�VL�D]LRQDYD�LO�JHQHUDWRUH�GL�PRWR�RQGRVR�H�OD�SRPSD�
FKH DOLPHQWD�OD�YDVFD�VXSHULRUH�GL�FDULFR�GHO�FLUFXLWR�GHO�JHWWR��$O�ILQH�GL�DYHUH�XQD�SRUWDWD�
FKH VL�PDQWHQHVVH� FRVWDQWH� QHOO
DPELWR� GHOOH� YDULH� SURYH� HVHJXLWH�� VL� q� ILVVDWR� LO� JUDGR�GL�
DSHUWXUD�GL�XQD�YDOYROD�FKH�FRQVHQWLVVH�LO�SDVVDJJLR�GL�XQD�SRUWDWD�GL����O�K�H�VL�DYYLDYD�LO�
FLUFXLWR�LGULFR�FRQ�XQ
DSHUWXUD�WRWDOH�GL�XQD�VHFRQGD�YDOYROD��
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6L DYYLDYD�� LQROWUH�� LO� VLVWHPD�/'$�� 6L� DWWHQGHYD� XQ� WHPSR� VXIILFLHQWH� DIILQFKp� LO�

JHQHUDWRUH�GL�PRWR�RQGRVR�VL�VWDELOL]]DVVH�H�O
HPHWWLWRUH�ODVHU�UDJJLXQJHVVH�XQD�WHPSHUDWXUD�
RWWLPDOH�GL�XWLOL]]R��

'XUDQWH� OH� DFTXLVL]LRQL� VL� DSULYD� LO� FLUFXLWR� HOHWWULFR� FKH� FRQVHQWH� GL� PDQWHQHUH�
FRVWDQWH� LO� OLYHOOR�LGULFR�LQ�YDVFD��DO�ILQH�GL�HYLWDUH�OD�IRUPD]LRQH�GL�FRUUHQWL� LQGHVLGHUDWH��
&LDVFXQD�DFTXLVL]LRQH�VL�SURWUDHYD�SHU�XQ�LQWHUYDOOR�GL�WHPSR��GXUDQWH�LO�TXDOH�OH�SHUGLWH�GL�
DFTXD� LQ� FDQDOH� HUDQR� WUDVFXUDELOL�� $OOD� ILQH� GL� FLDVFXQD� DFTXLVL]LRQH� VL� SURYYHGHYD��
RYYLDPHQWH��D�FKLXGHUH�LO�FLUFXLWR�HOHWWULFR��FRQVHQWHQGR��RYH�IRVVH�QHFHVVDULR��LO�ULSULVWLQR�
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6L HVHJXLYDQR�OH�PLVXUH�GHOOD�WHPSHUDWXUD�GHOO
DFTXD�QHOOD�YDVFD�GL�DOLPHQWD]LRQH�GHO�
FLUFXLWR� GHO� JHWWR� H� QHO� FDQDOH� FRQ� JHQHUDWRUH� GL� PRWR� RQGRVR�� 4XHVWR� KD� FRQVHQWLWR� GL�
YDOXWDUH�H�FRQIURQWDUH�OD�GHQVLWj�H�OD�YLVFRVLWj�GHOO
DFTXD�QHOOD�YDVFD�FKH�DOLPHQWD�LO�JHWWR�H�
GL TXHOOD�QHO�FDQDOH��,O�FRQIURQWR�q�SDUWLFRODUPHQWH�LQWHUHVVDQWH�DO�ILQH�GL�YDOXWDUH�HYHQWXDOL�
HIIHWWL�GL�JDOOHJJLDPHQWR�GRYXWL�DG�XQD�GLIIHUHQ]D�GL�WHPSHUDWXUD��4XHVW
XOWLPD�q�ULVXOWDWD�DO�
PDVVLPR�GL����°& �SHU�7PD[ ����°& H�7PLQ ����°&���,O�FRUULVSRQGHQWH�QXPHUR�GL�)URXGH�
GHQVLPHWULFR� q� ������ RVVLD� )U

� ���H�� &RQIURQWDQGR� WDOH� YDORUH� FRQ� TXHOOL� ULSRUWDWL� QHO�
GLDJUDPPD� GL� ILJ�� ������� VL� HYLQFH� FKH� LO� FDPSR� GL�PRWR� JHQHUDWR� SXz� VHQ]
DOWUR� HVVHUH�
GHILQLWR� XQ� JHWWR� SXUR� GL� TXDQWLWj� GL�PRWR� RVVLD� VRQR� GHO� WXWWR� WUDVFXUDELOL� JOL� HIIHWWL� GL�
JDOOHJJLDPHQWR��
�
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��������3URFHGXUD�GL�DFTXLVL]LRQH�GHL�GDWL��
6L RVVHUYD�FKH�L�ULOLHYL�GL�YHORFLWj�FRQGRWWL�FRQ�XVR�GL�XQ�VLVWHPD�/'$��FRPH�q�VWDWR�

IDWWR�QHOO
DPELWR�GL�TXHVWD�ULFHUFD��VRQR�WLSLFDPHQWH�HXOHULDQL� 4XHVWR�VLJQLILFD�FKH��ILVVDWR�
XQ VLVWHPD�GL�ULIHULPHQWR�2�[�\�]���VL�PLVXUD�XQD�JUDQGH]]D�ILVLFD��FRPSRQHQWL�GL�YHORFLWj��
SUHVVLRQH��FRQFHQWUD]LRQL��HWF��� LQ�XQ�SXQWR�3�� ILVVR�QHOOR�VSD]LR��SHU�VXFFHVVLYL� LVWDQWL�GL�
WHPSR�W��7DOH�PRGR�GL�SURFHGHUH�FRQVHQWH�GL�SHUYHQLUH�DOOD�FRQRVFHQ]D�GL�XQD�VHULH�GL�VWDWL�
FRQVHFXWLYL�GHO�IOXVVR��GD�FXL��SHUz��QRQ�q�SRVVLELOH�WUDUUH�XQD�LPPHGLDWD�YLVLRQH�GHO�PRWR�
GL RJQL�VLQJROD�SDUWLFHOOD�GL�IOXLGR���

(
 QRWR�FKH��LQ�FRQWUDSSRVL]LRQH�DO�SXQWR�GL�YLVWD�HXOHULDQR��LO�PHWRGR�ODJUDQJLDQR�
FRQVLVWH� QHOOR� VWXGLR� GHO� PRWR� FKH� SUHQGH� LQ� HVDPH� GLUHWWR� OH� YLFHQGH� GHOOH� VLQJROH�
SDUWLFHOOH��DVVXPHQGR�FRPH�LQFRJQLWH�OH�FRRUGLQDWH�GHL�SXQWL�UDJJLXQWL�GDOOH�SDUWLFHOOH�VWHVVH�
QHL VXFFHVVLYL�LVWDQWL�GL�WHPSR�W��,Q�HIIHWWL�O
LGHD�GL�EDVH�GL�XQ
DQDOLVL�ODJUDQJLDQD�q�TXHOOD�VL�
LQVHJXLUH� QHO�VXR�PRWR��XQ�HOHPHQWR�GL�IOXLGR��4XHVWR�HOHPHQWR�DYUj�GLPHQVLRQL�YDULDELOL�
LQ IXQ]LRQH� GHOOH� VFDOH� GHO� SUREOHPD� DQDOL]]DWR�� /H� HTXD]LRQL� GHO� PRWR� SHU� LO� FDVR� GL�
XQ
DQDOLVL�ODJUDQJLDQD�VRQR�XQD�GLUHWWD�DSSOLFD]LRQH�GHOOD�QRWD�OHJJH�GL�1HZWRQ�

F = ma, 

DYHQGR�LQGLFDWR�FRQ�) LO YHWWRUH�VRPPD�GL�WXWWH�OH�IRU]H�DJHQWL�VXOO
HOHPHQWR�DQDOL]]DWR��P�
OD� VXD�PDVVD�HG�D OD VXD�DFFHOHUD]LRQH�� ,Q�TXHVWR�FDVR��QRQ�q�QHFHVVDULD�XQ
HTXD]LRQH�GL�
FRQWLQXLWj��VHEEHQH�VL�GHEED�DSSOLFDUH�XQ
HTXD]LRQH�GL�ELODQFLR�GHOOH�PDVVH�QHO�FDVR�LQ�FXL�
TXHVWH��SHU�HVHPSLR��VXELVFDQR�GHOOH�UHD]LRQH�FKLPLFKH��

2VVHUYDWR�� GXQTXH�� FKH� O
DQDOLVL� VSHULPHQWDOH� FRQGRWWD�QHOO
DPELWR�GL�TXHVWD� WHVL� q�
HXOHULDQD� QHO�VHJXLWR�VL�ULSRUWDQR�GHOOH�LQGLFD]LRQL�VXOOD�SURFHGXUD�GL�DFTXLVL]LRQH�GHL�GDWL��

,Q RJQL�SXQWR�GL�PLVXUD�VRQR�VWDWL�DFTXLVLWL��FRQWHPSRUDQHDPHQWH��L�YDORUL�GL�YHORFLWj�
YHUWLFDOH�H�RUL]]RQWDOH��H�SHU�LO�FDVR�GHL�JHWWL�LQWHUDJHQWL�FRQ�XQ�FDPSR�GL�PRWR�RQGRVR��OH�
DOWH]]H�GHOOD�VXSHUILFLH�GHO�SHOR�OLEHUR�ULVSHWWR�DO�OLYHOOR�PHGLR�QHO�FDQDOH���

&LDVFXQ� EORFFR� GL� DFTXLVL]LRQH� FRPSUHQGHYD� ������ GDWL� SHU� FLDVFXQD� YDULDELOH�
�FRPSRQHQWL� RUL]]RQWDOL� H� YHUWLFDOL� GL� YHORFLWj� HG�� HYHQWXDOPHQWH�� DOWH]]D� GHO� SURILOR� GHO�
PRWR� RQGRVR�� FRQ� XQD� IUHTXHQ]D� GL� FDPSLRQDPHQWR� YDULDELOH� LQ� IXQ]LRQH� GHOOD�
FRQFHQWUD]LRQH�GL�SDUWLFHOOH�SUHVHQWL�LQ�DFTXD��7XWWDYLD��SHU�LO�FDVR�GHO�JHWWR�LPPHVVR�LQ�XQ�
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FDPSR�GL�OLTXLGR�LQ�TXLHWH��OD�IUHTXHQ]D�GL�FDPSLRQDPHQWR�q�VWDWD�PHGLDPHQWH�XJXDOH�D�����
+]� FRQ� WHPSR� GL� DFTXLVL]LRQH� GL� ���� V�� 3HU� DOFXQL� SXQWL� GL� PLVXUD� OD� IUHTXHQ]D� GL�
DFTXLVL]LRQH�q�VWDWD�GL�����+]��FRQ�WHPSR�GL�DFTXLVL]LRQH�GL�����V��

3HU�TXDQWR�DWWLHQH�LO�FDVR�GHL�JHWWL�LQWHUDJHQWL�FRQ�XQ�FDPSR�GL�PRWR�RQGRVR��VL�VRQR�
ULOHYDWL��SHU�RJQL�SXQWR�GL�PLVXUD��������YDORUL�GHOOH�YDULDELOL�SUHFHGHQWHPHQWH�HOHQFDWH��/D�
IUHTXHQ]D�PHGLD� GL� DFTXLVL]LRQH� q� VWDWD�GL����+]�SHU�XQ� WHPSR�FRPSOHVVLYR�GL����� V��6L�
ULWLHQH�FKH�QHO�FDVR�GHL�JHWWL�LQWHUDJHQWL�FRQ�OH�RQGH�VLD�VWDWR�SRVLWLYR�DYHUH�XQD�IUHTXHQ]D�GL�
DFTXLVL]LRQH�SL��EDVVD��SRLFKq�VL�VRQR�SRWXWH�PHGLDUH�OH�VLQJROH�JUDQGH]]H�SHU�XQ�LQWHUYDOOR�
GL WHPSR�FRPSUHQGHQWH�XQ�QXPHUR�VXIILFLHQWHPHQWH�HOHYDWR�GL�FLFOL�GHO�PRWR�RQGRVR��

*OL DQGDPHQWL�GHL�YDORUL�PHGL�H�GHJOL�VFDUWL�TXDGUDWLFL�PHGL��U�P�V���GHL�GDWL�ULOHYDWL�
LQ IXQ]LRQH�GHO� WHPSR�GL�DFTXLVL]LRQH�KDQQR�PHVVR� LQ�HYLGHQ]D�FKH� LO� WHPSR�FRPSOHVVLYR�
FRQ FXL� VRQR� VWDWL� UHDOL]]DWL� L� ULOLHYL� q� VWDWR� VHPSUH� VXIILFLHQWHPHQWH� HOHYDWR� H� WDOH� FKH� OH�
VXGGHWWH�JUDQGH]]H�VL�VRQR�VWDELOL]]DWH�VX�XQ�YDORUH�FRVWDQWH��

6L RVVHUYD��LQROWUH��FKH�L�GLDJUDPPL�GHJOL�VSHWWUL�GL�SRWHQ]D��FKH�YHUUDQQR�SUHVHQWDWL�
QHL FDSS�� ������� WHQGHYDQR�DG�DQQXOODUVL� DOOH�PDJJLRUL� IUHTXHQ]H��TXHVWR�GLPRVWUD� FKH� OH�
IUHTXHQ]H�GL� WDJOLR��R�IUHTXHQ]H�GL�1\TXLVW� I\ ����∆W�� FRQ�RYYLR�VLJQLILFDWR�GHL�VLPEROL��
VRQR�VWDWH�VXIILFLHQWHPHQWH�HOHYDWH�GD�HYLWDUH�SUREOHPL�GL�DOLDVLQJ�

: L J Q D Q V N L � H �
) L H G O H U � � � � � � ��
FRQGXVVHUR� OH� ORUR�
HVSHULHQ]H�VX�XQ�JHWWR�GL�
DULD� FDUDWWHUL]]DWR� GD� XQ�
QXPHUR� GL� 5H\QROGV��
DOO
XVFLWD� GHOO
RULIL]LR��
XJXDOH� D� ���� *OL� DXWRUL�
IHFHUR� XVR�� SHU� L� ULOLHYL�
GHOOH� FRPSRQHQWL� GL�
Y H O R F L W j � � G L � X Q �
DQHPRPHWUR� D� ILOR� FDOGR�
FRQ XQ� WHPSR� GL�
DFTXLVL]LRQH�FKH�DO� OLPLWH�q�VWDWR�GL���PLQ��,Q�ILJ�����������VL�ULSRUWD�XQ� WLSLFR�VSHWWUR�GL�

)LJ������������6SHWWUL�GL�GHQVLWj�GL�SRWHQ]D��GD�:\JQDQVNL�H�)LHGOHU�������� 
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SRWHQ]D��UHODWLYR�DL�ULOLHYL�GHJOL�VWHVVL�DXWRUL��FKH�PHWWH�LQ�HYLGHQ]D�XQD�IUHTXHQ]D�GL�WDJOLR�
�R IUHTXHQ]D�GL�1\TXLVW��PROWR�SURVVLPD�D����+]��4XHVWR�IDUHEEH�GHGXUUH�FKH�:LJQDQVNL�H�
)LHGOHU��������FRQGXVVHUR�OH�ORUR�HVSHULHQ]H�FRQ�XQD�IUHTXHQ]D�GL�DFTXLVL]LRQH�SURVVLPD�D�
���+]��R�TXDQWR�PHQR�FKH�JOL�VSHWWUL�GL�SRWHQ]D�UHODWLYL�DL�ULOLHYL�GL�YHORFLWj�GHL�JHWWL�GD�HVVL�
DQDOL]]DWL�QRQ�SUHVHQWDQR�YDORUL�VLJQLILFDWLYL�D�IUHTXHQ]H�VXSHULRUL�D����+]��
� &DODEUHVH� H� 'L� 1DWDOH� ������� HIIHWWXDURQR� GHL� ULOLHYL� GL� YHORFLWj� GL� XQ� JHWWR� OLTXLGR�
VRPPHUVR�LQ�SUHVHQ]D�GL�XQ�PRWR�RQGRVR�VWD]LRQDULR�FRQ�XVR�GL�XQ�VLVWHPD�/'$��*OL�DXWRUL�
DIIHUPDQR� FKH� OD� IUHTXHQ]D� GL� FDPSLRQDPHQWR� q� VWDWD� GL� ���� +]� SHU� XQ� SHULRGR� GL�
DFTXLVL]LRQH�GL�FLUFD�����V��*OL�DXWRUL�FRQGXVVHUR�OH�ORUR�HVSHULHQ]H�DWWUDYHUVR�O
XVR�GL�XQ�
7UDFNHU��FKH��FRPH�q�QRWR��SUHVHQWD�XQ�FRQQHWWRUH�%1&�GL�$1$/2*�287��6X�WDOH�XVFLWD�
q GLVSRQLELOH� XQD� UDSSUHVHQWD]LRQH� DQDORJLFD� GHOOD� IUHTXHQ]D� 'RSSOHU� VHFRQGR� OD�
WUDVIRUPD]LRQH�

analog out TV =
10V

Range
f ,⋅

LQ�FXL�VL�q�LQGLFDWR�FRQ�5DQJH�LO�IRQGR�VFDOD�GHOOD�EDQGD�GL�IUHTXHQ]D�'RSSOHU�VHOH]LRQDWD�
VXO�7UDFNHU�H�FRQ�I7 OD�IUHTXHQ]D�'RSSOHU��/D�',6$��DWWXDOH�'DQWHF���FDVD�FRVWUXWWULFH�GHO�
7UDFNHU�� DVVLFXUD� FKH� 9DQDORJ� RXW� UDSSUHVHQWD� OD� IUHTXHQ]D� 'RSSOHU� I7 FRQ� XQ� JUDGR� GL�
DFFXUDWH]]D�GHO�����VXO�YDORUH�GL� IRQGR�VFDOD�GHOOD�EDQGD�GL�IUHTXHQ]D�VHOH]LRQDWD��2UD��
O
XVFLWD� GHO� FRQQHWWRUH� %1&� q� GL� WLSR� DQDORJLFR� H� YLHQH� QRUPDOPHQWH� FRQQHVVD� D� XQ�
FDOFRODWRUH�GL�SURFHVVR�R�D�XQ�GDWD�ORJJHU�� ,Q� WDO�FDVR�q�SRVVLELOH�GHILQLUH� OD�IUHTXHQ]D�GL�
DFTXLVL]LRQH�WUDPLWH�OR�VWUXPHQWR�XWLOL]]DWR�D�WDO�ILQH��
�
����� (ODERUD]LRQL�HVHJXLWH��

, GDWL�GL�YHORFLWj�H�GHO�SURILOR�GL�VXSHUILFLH��FKH�VL�VRQR�DFTXLVLWL�QHOO
DPELWR�GHOOH�
VLQJROH SURYH�� VRQR� VWDWL� RSSRUWXQDPHQWH� HODERUDWL� DO� ILQH� GHOOD� GHILQL]LRQH� GL� DOFXQH�
JUDQGH]]H� ILVLFKH� GL� SDUWLFRODUH� LQWHUHVVH�� /H� HODERUD]LRQL� KDQQR� FRQVHQWLWR� GL� RWWHQHUH� L�
YDORUL� GHJOL� U�P�V��� GHOOR� VNHZQHVV� H� GHO� IODWQHVV� GHL� GDWL� GL� YHORFLWj�� ,QROWUH� VRQR� VWDWL�
VYLOXSSDWL� GHJOL� DSSRVLWL� SURJUDPPL� SHU� OD� GHWHUPLQD]LRQH� GHJOL� VSHWWUL� GL� SRWHQ]D� R� GL�
DPSLH]]D��GHOOH� IXQ]LRQL�GL�DXWRFRUUHOD]LRQH�H�GL�FURVVFRUUHOD]LRQH��DO� ILQH�GL�FDOFRODUH� OH�
PLFURVFDOH�H�OH�VFDOH�LQWHJUDOL�GHOOD�WXUEROHQ]D�H�OH�WHQVLRQL�WDQJHQ]LDOL��
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/H SUREOHPDWLFKH� FRQQHVVH� DOOH� HODERUD]LRQL� HVHJXLWH� VRQR� VWDWH� GL� SDUWLFRODUH�
LQWHUHVVH��3HUWDQWR��QHO�VHJXLWR�VL�ULSRUWDQR�DOFXQH�RVVHUYD]LRQL�VXOOH�SURFHGXUH�DGRWWDWH�H�VX�
TXHOOH�FKH�VDUHEEH�VWDWR�HYHQWXDOPHQWH�SRVVLELOH�DGRWWDUH��7DOL�FRQVLGHUD]LRQL�FRQVHQWRQR��
LQROWUH��GL�PHWWHUH�LQ�ULOLHYR�OH�SUREOHPDWLFKH�VSHFLILFKH�SRVWH�LQ�HVVHUH�GDL�FDPSL�GL�PRWR�
DQDOL]]DWL�H�GDO�VLVWHPD�GL�DFTXLVL]LRQH�XWLOL]]DWR��
�
�������� 3URFHGXUH� GL� DQDOLVL� VWDWLVWLFD� H� SUREOHPDWLFKH� FRQQHVVH� DOOH� HODERUD]LRQL�
HVHJXLWH��

)DFHQGR�ULIHULPHQWR�DO�FDVR�GL�XQ
DQDOLVL�HXOHULDQD�H�ILVVDWR�XQ�SXQWR�ULVSHWWR�DG�XQ�
VLVWHPD� FDUWHVLDQR�� XQ� IOXVVR� WXUEROHQWR� VWD]LRQDULR�SXz�HVVHUH�GHVFULWWR�� UHODWLYDPHQWH�DG�
XQ JUDQGH]]D� J�� VFRPSRQHQGR� OD� VWHVVD� LQ� XQD� FRPSRQHQWH� PHGLD� HG� XQD� FRPSRQHQWH�
IOXWWXDQWH�

g(t) = g+ g (t).′

/H�IOXWWXD]LRQL�VRQR�GLVWULEXLWH�LQ�PRGR�FDVXDOH�ULVSHWWR�DO�YDORU�PHGLR��3HU�FXL�GHYH�
DYHUVL�

′g = 0. 

1HO�FDVR�LQ�FXL�J�UDSSUHVHQWL�XQD�FRPSRQHQWH�GL�YHORFLWj��FRPH�YHUUj�DPPHVVR�QHO�
VHJXLWR��VL�GHILQLVFH�LQWHQVLWj�GL�WXUEROHQ]D�OD VHJXHQWH�JUDQGH]]D�

g’ .2

, YDORUL�PHGL�SRVVRQR�HVVHUH�RWWHQXWL�LQ�YDUL�PRGL��6H�LO�FDPSR�GL�PRWR�q�WXUEROHQWR�
H VWD]LRQDULR� VL� SXz�XVDUH�XQD�PHGLD� WHPSRUDOH��1HO� FDVR�GL�XQD� WXUEROHQ]D�RPRJHQHD� VL�
SXz�FRQVLGHUDUH�XQD�PHGLD�VSD]LDOH��0D�VH�OD�WXUEROHQ]D�QRQ�q�Qq�VWD]LRQDULD�Qq�RPRJHQHD��
OH PHGLH�SUHFHGHQWL�QRQ�VRQR�DSSOLFDELOL�H�O
XQLFD�VLJQLILFDWLYD�q�OD�PHGLD�G
LQVLHPH�VX�XQ�
JUDQ�QXPHUR�GL�HVSHULPHQWL�FRQGRWWL�FRQ�OH�VWHVVH�FRQGL]LRQL�LQL]LDOL�H�DO�FRQWRUQR��1HO�FDVR�
GL WXUEROHQ]D�RPRJHQHD�H�VWD]LRQDULD�OH�WUH�SURFHGXUH�GL�PHGLD�IRUQLVFRQR�OR�VWHVVR�ULVXOWDWR�
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�LSRWHVL�HUJRGLFD��
/H IOXWWXD]LRQL� WHPSRUDOL�GL�YHORFLWj� FKH� VL�RVVHUYDQR� LQ�XQ� IOXVVR� WXUEROHQWR�VRQR�

LQWHUSUHWDWH� FRPH� LO� SDVVDJJLR� GL� YRUWLFL� �HGGLHV� GL� GLYHUVH� GLPHQVLRQL� H� IUHTXHQ]H� GL�
URWD]LRQH�� WUDVFLQDWL� GDO� PRWR� PHGLR�� 1HOO
LSRWHVL� GL� PRWR� VWD]LRQDULR�� O
LQWHQVLWj� GL�
WXUEROHQ]D�q�XQD�FRVWDQWH�H�SXz�HVVHUH�FRQVLGHUDWD�OD�VRPPD�GHL�FRQWULEXWL�GL�WXWWL�L�YRUWLFL��
TXLQGL GL�WXWWH�OH�IUHTXHQ]H�SUHVHQWL�QHOOH�IOXWWXD]LRQL�WXUEROHQWH��9DOH��SHUWDQWR��OD�VHJXHQWH�
UHOD]LRQH�

g’ = E(f)df2

0

∞
∫

LQ�FXL�(�I�GI�UDSSUHVHQWD�OD�IUD]LRQH�GL�HQHUJLD�FRQWHQXWD�QHOO
LQWHUYDOOR�GL�IUHTXHQ]D�GI���
'HILQHQGR�OD�IXQ]LRQH�GHQVLWj�VSHWWUDOH�GL�HQHUJLD�FRPH�VHJXH�

F(f) =
E(f)

g’2

VL�KD�FKH�HVVD�q�OD�WUDVIRUPDWD�GL�)RXULHU�GHOOD�IXQ]LRQH�GL�DXWRFRUUHOD]LRQH�HXOHULDQD�FRVu�
GHILQLWD�

E
2

R ( ) =
g (t)g (t + )

g’
τ τ′ ′

 

GRYH� LO� SURFHVVR� GL� PHGLD� SXz� HVVHUH� WHPSRUDOH� R� G
LQVLHPH�� 9DOH�� TXLQGL�� OD� VHJXHQWH�
UHOD]LRQH�

( )F(f) = 4 R ( ) -i2 f d .
0

E

∞
∫ τ π τ τexp

 

1HL� IOXVVL� VWD]LRQDUL� LQ� FXL� J� SXz� HVVHUH� PLVXUDWD� DG� LQWHUYDOOL� UHJRODUL� H� FRQ�
IUHTXHQ]D�GL�FDPSLRQDPHQWR�VXSHULRUH�DOOD�PDVVLPD�IUHTXHQ]D�GHOOH�IOXWWXD]LRQL�WXUEROHQWH�
�FULWHULR� GL�1\TXLVW�� )�I�� SXz� HVVHUH� YDOXWDWD� DWWUDYHUVR� O
DOJRULWPR� GHOOD� ))7��1HO� SDU��
�������VL�ULSRUWDQR�DOFXQH�FRQVLGHUD]LRQL�UHODWLYH�DO�FDVR�UHDOH�GHOO
DQHPRPHWULD�ODVHU��FKH�
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QRQ SURGXFH�XQ�FDPSLRQDPHQWR�D�IUHTXHQ]D�FRVWDQWH��
4XDQWR� GHWWR� LQ� SUHFHGHQ]D� q� YDOLGR� SHU�PRWL� VWD]LRQDUL� H� SHUGH�GL� VLJQLILFDWR� QHO�

FDVR� LQ�FXL� LO�FDPSR�GL�PRWR�DQDOL]]DWR�VLD�QRQ�VWD]LRQDULR��,Q�TXHVWL�FDVL�� LQ�JHQHUDOH��LO�
PRWR�GHYH�HVVHUH�DQDOL]]DWR�HVHJXHQGR�GHOOH�PHGLH�G
LQVLHPH�VX�1�FLFOL��QRQ�HVVHQGR�SL��
YDOLGD�O
LSRWHVL�HUJRGLFD��/D�VFRPSRVL]LRQH�GL�J�LQ�XQD�FRPSRQHQWH�PHGLD�HG�XQD�IOXWWXDQWH�
q DQFRUD�YDOLGD��PD�OH�VLQJROH�JUDQGH]]H�VRQR�IXQ]LRQL�GHO�WHPSR�W�

g(t,i) = g(t) + g (t,i)′

GRYH�

g(t) =
1
N

g(t,i)
i=0

N
∑

H O
LQGLFH�L�LQGLFD�LO�FLFOR�L�HVLPR��
6L QRWD�� GXQTXH�� FKH� OD� JUDQGH]]D� PHGLD� QRQ� q� LQGLSHQGHQWH� GDO� WHPSR��

$QDORJDPHQWH�VL�GHILQLVFH�

g’ (t) =
1
N

g’ (t,i) .2
1/2

i=0

N
2∑







6L�QRWD��DQFRUD��FKH��D�GLIIHUHQ]D�GHO�FDVR�VWD]LRQDULR��

g’ (t) g’ (t + ).2 2≠ τ  

3HU� IOXVVL�QRQ�VWD]LRQDUL�QRQ�q�SRVVLELOH� LO�FDOFROR�GLUHWWR�GHOOD�)�I��D�SDUWLUH�GDOOD�
PLVXUD�GL�J��PHQWUH�q�SRVVLELOH�GHILQLUH�XQ�FRHIILFLHQWH�GL�DXWRFRUUHOD]LRQH�QRQ�VWD]LRQDULR�
FKH XWLOL]]D�OH�PHGLH�G
LQVLHPH�

R(t, ) =

1
N

g (t, i)g (t + , i)

g ’ (t) g ’ (t + )
.i=0

N

2 2
τ

τ

τ

∑ ′ ′

⋅
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$QFKH TXHVWD�JUDQGH]]D�GLSHQGH�GDO�WHPSR�W�D�FXL�YLHQH�ULIHULWD��/D�TXDQWLWj�5�W�τ�
SXz� HVVHUH� FDOFRODWD� D� SDUWLUH� GDL� GDWL� IRUQLWL� GD� XQ� DQHPRPHWUR� ODVHU�� DQFKH� VH� VRQR�
GLVWULEXLWL� FDVXDOPHQWH� QHO� WHPSR� �&RJKH�� ������� 8QD� SURFHGXUD� FRPXQHPHQWH� XWLOL]]DWD�
FRQVLVWH�QHO�GLYLGHUH�LO�SHULRGR�GHOOD�SURYD��LO�FLFOR�R�XQD�SDUWH�GL�HVVR��LQ�LQWHUYDOOL�XJXDOL��
DVVHJQDQGR�D�FLDVFXQ�LQWHUYDOOR�δW XQ�VROR�YDORUH�GHOOD�JUDQGH]]D�X��SHU�HVHPSLR�OD�PHGLD�
GHL YDORUL�FKH�ULFDGRQR�LQ�TXHOO
LQWHUYDOOR��6H�O
LQWHUYDOOR�δW q�PDJJLRUH�GHO�WHPSR�PHGLR�WUD�
GXH VXFFHVVLYH� DFTXLVL]LRQL�� WXWWL� JOL� LQWHUYDOOL� FRQWHUUDQQR� DOPHQR� XQ� GDWR�� 6HOH]LRQDQGR�
O
LQFUHPHQWR� τ SDUL� D� δW R� D� XQ� VXR�PXOWLSOR�� VL� SRWUj� FDOFRODUH� 5�W�τ��� ,O� SURFHGLPHQWR�
GHVFULWWR�q�QRWR�FRPH�VORWWHG�DXWRFRUUHODWLRQ�PHWKRG�

����������&DVR�GL�PRWR�SHULRGLFR��
(
 HYLGHQWH�FKH��QHO�FDVR�GL�XQ�JHWWR� LQWHUDJHQWH�FRQ�XQ�FDPSR�GL�PRWR�RQGRVR�� L�

YDORUL�GL�YHORFLWj�R�GL�FRQFHQWUD]LRQH��PLVXUDWL�DG�RSSRUWXQL� LQWHUYDOOL� WHPSRUDOL�H�SHU�XQ�
WHPSR�FRPSOHVVLYR�7F� GDQQR�OXRJR�D�WLSLFKH�VHULH�WHPSRUDOL�SHULRGLFKH�H�QRQ�VWD]LRQDULH���
4XHVWD FRQFOXVLRQH�FRQVHQWH�GL�PHWWHUH�LQ�HYLGHQ]D�FKH�OR�VWXGLR�GL�XQ�JHWWR�LQWHUDJHQWH�FRQ�
XQ FDPSR� GL� PRWR� RQGRVR� q� FHUWDPHQWH� SL�� FRPSOHVVR� GHOO
DQDORJR� VWXGLR� GL� XQ� JHWWR�
WXUEROHQWR�LPPHVVR�LQ�XQ�FDPSR�GL�IOXLGR�LQ�TXLHWH��7XWWDYLD��LO�FDVR�GL�XQ�JHWWR�LQWHUDJHQWH�
FRQ�XQ�FDPSR�GL�PRWR�RQGRVR�PRQRFURPDWLFR�SUHVHQWD�GHOOH�SHFXOLDULWj�ULVSHWWR�DO�FDVR�GL�
XQ FDPSR�GL�PRWR�QRQ�VWD]LRQDULR�WRXW�FRXUW�

+XVVHLQ�H�5H\QROGV��������DQDOL]]DURQR�XQ�IOXVVR�GL�VWUDWR�OLPLWH�LQWHUDJHQWH�FRQ�XQ�
PRWR�SHULRGLFR��(VVL�SURSRVHUR�GL�DQDOL]]DUH� OD�JHQHULFD�JUDQGH]]D� ILVLFD� I�FRQ� LO�PHWRGR�
GHOOH�PHGLH�GL�IDVH��'L�IDWWR�OD�JUDQGH]]D�I��YDULDELOH�QHOOR�VSD]LR�H�QHO�WHPSR��SXz�HVVHUH�
GHFRPSRVWD� LQ� XQD� FRPSRQHQWH� GHWWD� PHGLD� WHPSRUDOH� FKH� LQGLFKHUHPR� FRQ� I�� XQD�
FRPSRQHQWH� SHULRGLFD�� FKH� LQGLFKHUHPR� FRQ� IÙ�� H� LQ� XQD� FRPSRQHQWH� GL� IOXWWXD]LRQH�
WXUEROHQWD�I
��4XHVWD�UHOD]LRQH�SXz�HVVHUH�HVSUHVVD�FRPH�VHJXH�

( ) ( ) ( )f S,t = f(S) + f S,t + f S,t
& & & &~ ′

LQ� FXL�� GXQTXH�� OD� JUDQGH]]D� ILVLFD� I� GLSHQGH� GDOOH� FRRUGLQDWH� VSD]LDOL�� WUDPLWH� LO� UDJJLR�
YHWWRUH�6� H�GDO� WHPSR� W��6L�RVVHUYD�FKH��RYYLDPHQWH� OD� FRPSRQHQWH�PHGLD� WHPSRUDOH� I��q�
LQGLSHQGHQWH�GDO�WHPSR�HG�q�GHILQLWD�FRPH�VHJXH�
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( )f(S) =
1

T
f S,t dt

c 0

Tc& &
∫

HVVHQGR�7F LO�WHPSR�FRPSOHVVLYR�GL�FDPSLRQDPHQWR��
/D PHGLD�GL�IDVH��SHU�RJQL�LVWDQWH�WS� q�

( ) ( ) ( ) ( )f S t
N

f S t nT f S f S tp
n

N

p p

& & & &
, ,

~
,= ∑ + = +

=

1

0
.

HVVHQGR�7�LO�SHULRGR�GHOO
RQGD��1�LO�QXPHUR�WRWDOH�GL�FLFOL�FDPSLRQDWL�H�WS LO�WHPSR�GL�IDVH��
YDULDELOH�WUD���H�7��

&K\DQ� H�+ZXQJ� �������PLVHUR� LQ� HYLGHQ]D�FKH� OD�SUHFHGHQWH� HVSUHVVLRQH�q�YDOLGD�
SHU� XQ� FDVR� WHRULFR�� SRLFKq� OH� RQGH� JHQHUDWH� LQ� XQ� WLSLFR� FDQDOH� GL� ODERUDWRULR� VRQR�
FDUDWWHUL]]DWH� GD�XQ�SHULRGR�YDULDELOH�SHU�RJQL� FLFOR�� D� FDXVD�GHOOD� ULIOHVVLRQH�GHOO
RQGD�H�
GHOOD� SUHVHQ]D� GL� RVFLOOD]LRQL� D� OXQJR� SHULRGR� GHO� SURILOR� GL� VXSHUILFLH�� 4XHVWR� VSLHJD� OD�
YDULD]LRQH� GHO� WHPSR� GL� IDVH�� 3HUWDQWR��+ZXQJ� ������� SURSRVH�GL� FRUUHJJHUH� LO� WHPSR�GL�
IDVH�FRQVLGHUDQGR��SHU�RJQL�FLFOR�� LO�SHULRGR�PLVXUDWR�GHO�PRWR�RQGRVR��,Q�TXHVWR�FDVR�OD�
PHGLD�GL�IDVH�PRGLILFDWD�VDUj�

( ) ( )f S t
N

f S t
T

T
f Sp

i

N

p
i

& & &
,

~
,= ∑ ⋅







 +

=

1

1

/D�ILJ�������������UDSSUHVHQWD�XQ�FRQIURQWR�WUD�OH�GXH�PHWRGRORJLH�GL�FDOFROR�GHOOD�PHGLD�GL�
IDVH���

6L ULSRUWDQR�QHO�VHJXLWR�DOFXQH�LPSRUWDQWL�SURSULHWj�GHOOH�PHGLH�GL�IDVH�H�WHPSRUDOL�
GHOOH�JUDQGH]]H�I�H�J��

f f f f f

fg f g fg f g fg fg

’ ’

~ ~ ~
’ ’

= = = =

= = = =









0 0

0
.

/
XOWLPD�UHOD]LRQH�� LQ�SDUWLFRODUH��PHWWH� LQ�HYLGHQ]D�FKH� OH�FRPSRQHQWL� IOXWWXDQWL�H�TXHOOH�
SHULRGLFKH�QRQ�VRQR�FRUUHODWH��

(15.2.1.1.1)
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6L RVVHUYD�DQFRUD�FKH�

(f - f)(f - f) = ( f + f )( f + f ) = f f + f f + 2f f = f f + f f + 2f f = f f + f f
~ ~ ~~ ~ ~~ ~ ~~′ ′ ′ ′ ′ ′ ′ ′ ′ ′ 

LQ�FXL�O
XOWLPD�XJXDJOLDQ]D�q�JLXVWLILFDWD�GDOO
XOWLPD�GHOOH���������������
6L KD��DQFRUD��

(f - f)(g - g) = ( f + f )(g + g ) = f g + fg + f g + f g = f g + fg + f g + f g = f g + f g
~ ~ ~~ ~ ~ ~~ ~ ~ ~~′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′  

LQ� FXL� O
XOWLPD� XJXDJOLDQ]D� q� YDOLGD�
SHU�O
XOWLPD�GHOOH���������������

4XHVWH�HVSUHVVLRQL�PHWWRQR�LQ�
HYLGHQ]D� FKH� QHL� PRPHQWL� GHO�
VHFRQG
RUGLQH� VRQR� SUHVHQWL� VLD� OH�
FRPSRQHQWL� IOXWWXDQWL� OHJDWH� DOOD�
WXUEROHQ]D� VLD� OH� FRPSRQHQWL�
SHULRGLFKH��7HQHQGR� FRQWR�GL� TXHVWR�
ULVXOWDWR�� q� HYLGHQWH� FKH�� SHU�
HVHPSLR�� OR� VFDUWR� TXDGUDWLFR�PHGLR�
ULOHYDWR�GDO�VRIWZDUH�GL�XQ�SURFHVVRUH�
GL VHJQDOH�GL�XQ�VLVWHPD�/'$��QRQ�UDSSUHVHQWD� O
LQWHQVLWj�GL� WXUEROHQ]D� GHILQLWD�FRPH�OR�
VFDUWR� TXDGUDWLFR� PHGLR� GHOOH� VROH� FRPSRQHQWL� WXUEROHQWH� GL� YHORFLWj�� PD� OR� VFDUWR�
TXDGUDWLFR�PHGLR� OHJDWR� D� WXWWH� OH� IOXWWXD]LRQL� LQWRUQR� DO� YDORUH�PHGLR�� VLDQR�HVVH�GRYXWH�
DOOD�WXUEROHQ]D�R�DO�PRWR�SHULRGLFR��
�
����������&RQFHWWR�GL�LQWHUPLWWHQ]D��

6L IDFFLD�ULIHULPHQWR�D�XQ�FDPSR�GL�PRWR�WXUEROHQWR�GHOLPLWDWR�GD�XQ�FDPSR�GL�PRWR�
QRQ� WXUEROHQWR� �SHU� HVHPSLR�� JHWWL�� SLXPH�� VWUDWL� GL�PHVFRODPHQWR�� HWF���� ,Q� � TXHVWL� FDVL��
&RUUVLQ� �������PLVH� LQ� HYLGHQ]D� FKH� LQ� FRUULVSRQGHQ]D� GL� FLDVFXQ� SXQWR� GHOOD� UHJLRQH�GL�
LQWHUIDFFLD� LO� VHJQDOH� GL� YHORFLWj� q�� SHU� LQWHUPLWWHQ]D� WXUEROHQWR� R� QRQ� WXUEROHQWR��
7RZQVHQG �������GHILQu� LO� IDWWRUH�GL� LQWHUPLWWHQ]D�γ FRPH� OD� IUD]LRQH�GL� WHPSR�GXUDQWH� LO�

)LJ��������������5DSSUHVHQWD]LRQH�VFKHPDWLFD�GHOOD�PHGLD�GL�IDVH�VHFRQGR�+XVVDLQ�

H�5H\QROGV��������H�+ZXQJ�HW�DO��������� 
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TXDOH� LO� IOXVVR� q� WXUEROHQWR�� ,Q� SUDWLFD�� WXWWDYLD�� q� PROWR� GLIILFLOH� IDU� XVR� GL� TXHVWD�
GHILQL]LRQH�SHU�FDOFRODUH�� LQ�FLDVFXQ�SXQWR�GHO�FDPSR�GL�PRWR�� LO� IDWWRUH�GL� LQWHUPLWWHQ]D��
SRLFKp�q�PROWR�FRPSOHVVR�VWDELOLUH�LVWDQWDQHDPHQWH�VH�LO�IOXVVR�q�WXUEROHQWR�R�PHQR���

1RUPDOPHQWH��QHL�FDPSL�GL�PRWR�FDUDWWHUL]]DWL�GD�IHQRPHQL�GL�LQWHUPLWWHQ]D��OH�VHULH�
VWRULFKH� GHOOH� YHORFLWj� PHWWRQR� LQ� HYLGHQ]D� FKH�� GXUDQWH� LO� SHULRGR� LQ� FXL� LO� PRWR� q�
WXUEROHQWR��OH�IOXWWXD]LRQL�GL�YHORFLWj�VRQR�UHSHQWLQH�H�GL�QRWHYROH�HQWLWj��PHQWUH��GXUDQWH�LO�
SHULRGR� LQ� FXL� LO� PRWR� q� QRQ� WXUEROHQWR�� OH� YDULD]LRQL� GL� YHORFLWj� VRQR� PROWR� OHQWH� H��
JHQHUDOPHQWH��PROWR�SLFFROH��

6RQR QRWH�OH�FODVVLFKH�SURWXEHUDQ]H�FKH�VL�KDQQR�LQ�FRUULVSRQGHQ]D�GHOOD�UHJLRQH�GL�
LQWHUIDFFLD�GL�XQ�JHWWR�R�GL�XQD�SLXPD��4XHVWH�SURWXEHUDQ]H��FRPH�PROWH�LPPDJLQL�KDQQR�
PHVVR� LQ� HYLGHQ]D�� VRQR� DVVROXWDPHQWH� GLVWLQWH� GDOOD� UHJLRQH� QRQ� WXUEROHQWD�� (
� SURSULR�
TXHVWD�OD�FRVLGGHWWD�UHJLRQH�GL�LQWHUIDFFLD� &RUUVLQ�H�.LVWOHU��������DYDQ]DURQR�O
LSRWHVL�FKH�
OD ]RQD�GL� VHSDUD]LRQH� WUD� L� FDPSL�GL�PRWR� WXUEROHQWR�H�QRQ� WXUEROHQWR� VL� UHDOL]]D� LQ�XQR�
VWUDWR� VRWWLOH� �VXSHUOD\HU�� LQ� FRUULVSRQGHQ]D� GHO� TXDOH� VL� UHDOL]]DQR� L� QRWL� SURFHVVL� GL�
PHVFRODPHQWR��

, ULOLHYL�VSHULPHQWDOL�KDQQR�PHVVR�LQ�HYLGHQ]D�FKH�γ q��D�VHFRQGD�GHO�FDPSR�GL�PRWR�
DQDOL]]DWR��XQD�IXQ]LRQH�GHOOD�GLVWDQ]D�GDOOD�SDUHWH�R�GDOO
DVVH�GL�VLPPHWULD�GHO�IOXVVR��7DOH�
IXQ]LRQH SXz�HVVHUH�EHQ�UDSSUHVHQWDWD�DWWUDYHUVR�XQD�FXUYD�JDXVVLDQD��FRPH�VHJXH�

( )γ ψ ψ
σ

(x) =
1
2

1- erf ,   =
x - x

2
.

,O� YDORUH� GL� x q TXHOOR� SHU� FXL� γ  ����� /R� VFDUWR� TXDGUDWLFR� PHGLR� σ FDUDWWHUL]]D�
O
HVWHQVLRQH�GHOOD�]RQD�GL�LQWHUPLWWHQ]D��

/
LQIOXHQ]D��VXO�IHQRPHQR�GL�LQWHUPLWWHQ]D��GHO�JUDGLHQWH�ORQJLWXGLQDOH�GL�SUHVVLRQH�
GHO FDPSR�GL�PRWR�DQDOL]]DWR�q�VWDWR�VWXGLDWR�GD�)LHGOHU�H�+HDG� ��������6L�RVVHUYD��D� WDO�
ULJXDUGR��FKH�LQ�XQ�FDPSR�GL�PRWR�DFFHOHUDWR�O
LQWHUPLWWHQ]D�LQWHUHVVD�DQFKH�OH�UHJLRQL�SL��
LQWHUQH�GHO� IOXVVR��YLFHYHUVD��VH� LO�FDPSR�GL�PRWR�q�GHFHOHUDWR�� OD�]RQD�GL� LQWHUPLWWHQ]D�q�
UHODWLYDPHQWH�ULGRWWD��

/
DQDOLVL� GHL� FDPSL� GL�PRWR�QHOOH� ]RQH�GL� LQWHUPLWWHQ]D� q� VWDWR�RJJHWWR�GL� VWXGL�GL�
FDUDWWHUH�VSHULPHQWDOH��0ROWL�DXWRUL�KDQQR�IDWWR�XVR�GHOOH�PHGLH FRQGL]LRQDWH�

3HU RWWHQHUH�OH�PHGLH�FRQGL]LRQDWH�QHOOH�]RQH�GL�LQWHUPLWWHQ]D��q�QHFHVVDULR�GHILQLUH�
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XQD IXQ]LRQH� LQGLFDWULFH� ,�W��� LO� FXL�YDORUH� q�XQR�QHJOL� LVWDQWL�GL� WHPSR� LQ�FXL� LO�FDPSR�GL�
PRWR�q�WXUEROHQWR��DOWULPHQWL�q�]HUR��,Q�DOWUL�WHUPLQL�VL�SRWUj�SRUUH�

γ = I(t). 

DYHQGR� LQGLFDWR� FRO� VRYUDVVHJQR� OD�PHGLD� WHPSRUDOH� GL� ,�W�� QHO� SXQWR�GHO� FDPSR�GL�PRWR�
SUHVR�LQ�FRQVLGHUD]LRQH��

,O SUREOHPD��D�TXHVWR�SXQWR��FRQVLVWH�QHOOD�GHWHUPLQD]LRQH�GHOOD� IXQ]LRQH� ,�W���1HO�
VHJXLWR� VL� ULSRUWHUj� OD�PHWRGRORJLD�SURSRVWD�GD�.RYDV]QD\�HW�DO�� ��������6L�RVVHUYD��D� WDO�
ULJXDUGR�� FKH� GXUDQWH� JOL� LVWDQWL� GL� WHPSR� LQ� FXL� LO� FDPSR� GL� PRWR� q� WXUEROHQWR�� OH�
IOXWWXD]LRQL�GL�YHORFLWj�VRQR�SDUWLFRODUPHQWH�HOHYDWH��'D�FLz�FRQVHJXH�FKH�OH�GHULYDWH�GHOOH�
YHORFLWj�ULOHYDWH�GXUDQWH�LO�SHULRGR�LQ�FXL�LO�FDPSR�GL�PRWR�q�WXUEROHQWR�VRQR�GL�JUDQ�OXQJD�
PDJJLRUL�GHL�FRUULVSRQGHQWL�YDORUL�QHO�FDVR�GL�FDPSR�GL�PRWR�QRQ�WXUEROHQWR��

3HUWDQWR��QHOO
LSRWHVL�GL�SRWHU�GLVSRUUH�GL�GXH�PLVXUDWRUL�GL�YHORFLWj��FKH�FRQVHQWDQR�
GL ULOHYDUH� LO�VHJQDOH�LQ�GXH�SXQWL�GLVWLQWL��VDUj�SRVVLELOH�GHILQLUH�OD�GHULYDWD�VSD]LDOH�GHOOH�
FRPSRQHQWL�IOXWWXDQWL�GL�YHORFLWj�H�VXFFHVVLYDPHQWH�OD�ORUR�GHULYDWD�WHPSRUDOH��RVVLD�

S(t) =
t

u
x

∂
∂

∂ ′
∂







HVVHQGR� X� OD� FRPSRQHQWH� ORQJLWXGLQDOH� GL� YHORFLWj� H� [� OD� FRRUGLQDWD� OXQJR� OD� GLUH]LRQH�
WUDVYHUVDOH��

6L RVVHUYD�FKH�∂X
�∂[ UDSSUHVHQWD��QRUPDOPHQWH�� LO�FRQWULEXWR�SL�� LPSRUWDQWH�GHOOD�
FRPSRQHQWH��∂X
�∂[���∂Y
�∂\� GHO�YHWWRUH�GL�YRUWLFLWj��/D�GHULYDWD�WHPSRUDOH�GL�WDOH�IUD]LRQH�
q OHJDWD� DO� FRQWULEXWR� GHOOH� IOXWWXD]LRQL� PROWR� UDSLGH� SURSULH� GHOOD� WXUEROHQ]D�� 6H� LQ� XQ�
LQWHUYDOOR� GL� WHPSR� VXIILFLHQWHPHQWH� SLFFROR�� ∆τ� L� YDORUL� DVVROXWL� GHOOD� IXQ]LRQH� 6�W�� R�
∂6�W��∂W VRQR�VXSHULRUL�DG�XQD�VRJOLD�SUHVWDELOLWD��LO�FDPSR�GL�PRWR�VL�GLUj�WXUEROHQWR��H�,�W��
VDUj�SRVWR�XJXDOH�D�XQR��1HO�FDVR�FRQWUDULR��,�W��DVVXPHUj�YDORUH�QXOOR��9L�q��GXQTXH��XQD�
FHUWD�LQGHWHUPLQD]LRQH�QHOO
DSSOLFD]LRQH�GL�TXHVWR�PHWRGR��FKH�q�OHJDWD�DOOD�VRJOLD�ROWUH�OD�
TXDOH�LO�PRWR�SRWUj�GLUVL�WXUEROHQWR�H�DO�YDORUH�GL�∆τ� $OWUL�DXWRUL�XWLOL]]DQR�6�W� �∂X
�∂W��
FRPH� IXQ]LRQH� GL� EDVH�� 4XHVWR� VHFRQGR� PHWRGR� KD� LO� YDQWDJJLR� GL� FRQVHQWLUH� OD�
GHWHUPLQD]LRQH� GL� γ� PLVXUDQGR� OD� YHORFLWj� LQ� XQ� VROR� SXQWR�� 3HUWDQWR�� SHU� HVHPSLR�� WDOH�
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PHWRGR� q� GD� SUHIHULUVL� QHO� FDVR� LQ� FXL� OH� PLVXUD]LRQL� GL� YHORFLWj� VLDQR� FRQGRWWH� FRQ� XQ�
VLVWHPD�/'$��

$OOD OXFH�GL�TXDQWR�GHWWR� LQ�SUHFHGHQ]D��XQD�JHQHULFD�JUDQGH]]D�4�W��DVVXPHUj�XQ�
YDORU�PHGLR��QHOO
DPELWR�GHOOD�]RQD�WXUEROHQWD��FRVu�GHILQLWR�

t
T t

t +T

Q =
1
T

I(t)Q(t)dt
0

0

→∞
∫lim γ

PHQWUH�OD�PHGLD�SHU�OD�]RQD�QRQ�WXUEROHQWD�q�

nt
T t

t +T

Q =
1

(1- )T
[1- I(t)]Q(t)dt.

0

0

→∞
∫lim γ

/D�PHGLD�GHOOD�JUDQGH]]D�4�W�� UHODWLYD�D� WXWWL� JOL� LVWDQWL�GL� WHPSR�� VHQ]D� WHQHUH�FRQWR�GHO�
WLSR�GL�FDPSR�GL�PRWR��q�

Q = Q + (1- )Q .t ntγ γ  

/H�PHGLH�GL�]RQD�VRQR�GHOOH�PHGLH�FRQGL]LRQDWH��1HOO
LSRWHVL�FKH�4�W��VLD�OD�YHORFLWj�
ULOHYDWD�X�W��VL�KD��SHU�HVHPSLR��FKH�OR�VFDUWR�TXDGUDWLFR�PHGLR�q�GDWR�GD�

( )u’ = (u’ ) + (1- )(u’ ) + (1- ) u - u .2 2
t

2
nt

2

t ntγ γ γ γ
 

7RZQVHQG��������VXJJHUu�GL�XWLOL]]DUH�LO�IODWQHVV�UHODWLYR�DJOL�LVWRJUDPPL�GHL�ULOLHYL�
GL YHORFLWj��SHU�OD�GHILQL]LRQH�GHOO
LQWHUPLWWHQ]D��,Q�SDUWLFRODUH��VHFRQGR�7RZQVHQG��VL�SRWUj�
SRUUH�

γ =
[u’ / (u’ ) ]

u’ / (u’ )

4 2 2
CL

4 2 2

LQ�FXL�LO�SHGLFH�&/�LQGLFD�FKH�LO�YDORUH�GHO�IODWQHVV�q�UHODWLYR�DOO
DVVH�GHO�JHWWR��
7HQQHNHV�H�/XPOH\���������IDFHQGR�ULIHULPHQWR�DO�FDVR�GL�VFLH�H�JHWWL��SURSRVHUR�GL�

(15.2.1.2.1)
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VWLPDUH�O
LQWHUPLWWHQ]D�FRPH�VHJXH�
γ ε

ε
= ,

CL  

HVVHQGR� ε OD YLVFRVLWj� FLQHPDWLFD� WXUEROHQWD� HG� ε&/ LO� YDORUH� FKH� HVVD� DVVXPH� LQ�
FRUULVSRQGHQ]D�GHOO
DVVH�GHO�JHWWR�R�GHOOD�VFLD��

,Q ILJ�������������VL�ULSRUWD�O
DQGDPHQWR�GL�γ VHFRQGR�GLYHUVL�PHWRGL��6L�RVVHUYD��LQ�
SDUWLFRODUH�� OR�VFRVWDPHQWR�GHOOD�FXUYD�UDSSUHVHQWDWLYD�GHOO
DQGDPHQWR�GL�γ RWWHQXWD�FRQ�LO�
IODWQHVV��

'D TXDQWR�GHWWR� LQ�SUHFHGHQ]D��SHUWDQWR��DSSDUH�HYLGHQWH�FKH�OH�JUDQGH]]H�ULOHYDWH�
GLUHWWDPHQWH�DWWUDYHUVR�O
XVR�GL�XQ�VLVWHPD�/'$�QRQ�VL�ULIHULVFRQR�VROR�DJOL�LVWDQWL�GL�WHPSR�
LQ FXL� LO� FDPSR� GL� PRWR� q� WXUEROHQWR�� 'L� TXHVWR� GHYH� WHQHUVL� LQ� GHELWR� FRQWR� TXDQGR� VL�
HIIHWWXDQR�GHL�FRQIURQWL�WUD�L�ULVXOWDWL�VSHULPHQWDOL�GL�GLYHUVL�DXWRUL��
�
������� $QDOLVL�VSHWWUDOH�GL�XQ�VHJQDOH�FDPSLRQDWR�LQ�PRGR�UDQGRP��

/
DOJRULWPR� FKH� FRQVHQWH� GL� DYHUH� XQD� VWLPD� GHOOR� VSHWWUR� GL� SRWHQ]D�GL� XQD� VHULH�
VWRULFD� GL� GDWL� HTXDPHQWH� LQWHUYDOODWL� q� QRWR� FRPH� )DVW� )RXULHU� 7UDQVIRUP� �))7��� 7DOH�
WHFQLFD�� WXWWDYLD�� q� LQDSSOLFDELOH� DG� XQD� VHULH� VWRULFD� FDUDWWHUL]]DWD� GD� GDWL� LQWHUYDOODWL� LQ�
PRGR LUUHJRODUH��/
HVLJHQ]D�GL� GLVSRUUH� GL� XQ�DOJRULWPR�FKH�FRQVHQWD�GL� DYHUH�XQD� VWLPD�
GHOOR�VSHWWUR�GL�SRWHQ]D�SHU�GDWL�GL�TXHVWR�WLSR�QDVFH�GDO�IDWWR�FKH�L�SURFHVVRUL�GL�VHJQDOH�GL�
XQ VLVWHPD�/'$�FRQVHQWRQR�O
DFTXLVL]LRQH�GHL�YDORUL�GL�YHORFLWj�GHOOH�SDUWLFHOOH�SUHVHQWL�QHO�
IOXLGR LQ�LVWXGLR�TXDQGR�TXHVWH�SDVVDQR�DWWUDYHUVR�LO�FRVLGGHWWR�YROXPH�GL�PLVXUD��GHILQLWR�
FRPH OD� UHJLRQH� D� IRUPD� GL� HOOLVVRLGH� GL� URWD]LRQH� VX� FXL� FRQYHUJH� XQD� FRSSLD� GL� UDJJL�
ODVHU���



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS������

���

(
 HYLGHQWH� DOORUD� FKH� OD�
PLVXUD� VDUj� HIIHWWXDWD� QHOO
LSRWHVL�
GL SDVVDJJLR� GHOOD� SDUWLFHOOD� H� GL�
YDOLGD]LRQH� GHO� VHJQDOH� ULOHYDWR��
2VVLD�� q� HYLGHQWH� FKH� O
LQWHUYDOOR�
WHPSRUDOH� WUD� GXH� VXFFHVVLYH�
PLVXUD]LRQL�QRQ�q�FRVWDQWH��

,Q HIIHWWL�� L� GDWL� FKH�
FRVWLWXLVFRQR� XQD� VHULH� VWRULFD� D�
LQWHUYDOOL� WHPSRUDOL� QRQ� FRVWDQWL�
SRVVRQR� HVVHUH� RSSRUWXQDPHQWH�
FRQYHUWLWL� LQ� XQD� VHULH� VWRULFD� D�
LQWHUYDOOL� FRVWDQWL�� DWWUDYHUVR�
WHFQLFKH� GL� LQWHUSROD]LRQH�� 7XWWDYLD�� TXHVWD� PHWRGRORJLD� SRWUHEEH� ULPXRYHUH� DOFXQH�
FDUDWWHULVWLFKH� GHO� VHJQDOH� DFTXLVLWR� H� LQWURGXUUH� GHJOL� HUURUL� QHOOD� VWLPD� GHOOR� VSHWWUR� GL�
SRWHQ]D��

*DVWHU�H�5REHUWV��������SURSRVHUR�GL�RSHUDUH�FRPH�VHJXH��QHO�FDVR�GL�XQD�VHULH�GL�
GDWL�QRQ�HTXDPHQWH�LQWHUYDOODWL��6L�ULFRUGD�FKH�LO�WHRUHPD�GL�:HLQHU�.KLQFKLQH�FRQVHQWH�GL�
OHJDUH� OD� WUDVIRUPDWD� GL� )RXULHU� FRQ� OD� IXQ]LRQH� GL� DXWRFRUUHOD]LRQH� GL� XQD� VHULH� GL� GDWL�
DWWUDYHUVR�OH�GXH�VHJXHQWL�UHOD]LRQL�

( )S(f) = R( ) - i2 f d
-∞

∞
∫ τ π τ τexp

 

R( ) = S(f) (i2 f )df
-

τ π τ
∞

∞
∫ exp

 

DYHQGR�LQGLFDWR�FRQ�5�τ� OD�IXQ]LRQH�GL�DXWRFRUUHOD]LRQH�H�FRQ�6�I��OD�IXQ]LRQH�GL�GHQVLWj�
VSHWWUDOH� GL� XQD� VHULH� GL� GDWL�� ,Q� SDUWLFRODUH� FRQ� 6�I�� VL� LQWHQGH� OD� IXQ]LRQH� GL� GHQVLWj�
VSHWWUDOH�VLPPHWULFD�ULVSHWWR�DOO
DVVH�GHOOH�RUGLQDWH��WZR�VLGH�VSHFWUDO�GHQVLW\�IXQFWLRQ���6L�
RVVHUYD FKH��SRLFKp�VL�LSRWL]]D�FKH�OD�VHULH�VWRULFD�q�FRVWLWXLWD�GD�QXPHUL�UHDOL��OD�IXQ]LRQH�GL�
GHQVLWj�VSHWWUDOH�SXz�HVVHUH�VFULWWD�FRPH�VHJXH�

)LJ��������������)DWWRUH�GL�LQWHUPLWWHP]D��/D�FXUYD�D�WUDWWHJJLR�VL�ULIHULVFH�DO�FDVR�GL�γ�

RWWHQXWR�GDO�IODWQHVV� 

(15.2. 2.1)
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S(f) = 2 R( ) (2 f )d .
0

∞
∫ τ π τ τcos

 

3RLFKp��LQROWUH��6�I���FRPH�GHWWR�LQ�SUHFHGHQ]D��q�VLPPHWULFD�ULVSHWWR�DOO
DVVH�GHOOH�
RUGLQDWH�� GL� VROLWR�� VL� GHILQLVFH� XQD� IXQ]LRQH� GL� GHQVLWj� VSHWWUDOH� QHO� VROR� GRPLQLR� GHOOH�
IUHTXHQ]H�SRVLWLYH�

G(f) = 4 R( ) (2 f )d .
0

∞
∫ τ π τ τcos

 

*DVWHU� H� 5REHUWV� ������� VRVWLWXLURQR� OD� ����������� QHOOD� SUHFHGHQWH� UHOD]LRQH��
RWWHQHQGR��GRSR�DYHU�GLVFUHWL]]DWR��

( ) [ ]G(f) =
4

T
D t - t 2 f(t - t ) U(t )U(t )

2
j=1

N

k=j+1

N

k j k j j k
λ

π∑ ∑ cos
 

HVVHQGR� 8�W�� LO� VHJQDOH� DFTXLVLWR� QHO� WHPSR�� λ OD� IUHTXHQ]D� PHGLD� GL� FDPSLRQDPHQWR�
HVSUHVVD� LQ� +HUW]�� 7� LO� WHPSR� WRWDOH� GL� DFTXLVL]LRQH� LQ� VHFRQGL�� H� '�WN�WM� OD� IXQ]LRQH�
UDSSUHVHQWDWLYD�GL�XQD�ILQHVWUD��SHU�HVHPSLR��TXHOOD�GL�+DQQLQJ���$O�OLPLWH��'�WN�WM� ��QHO�
FDVR� LQ� FXL� QRQ� VL� YRJOLD� IDU� XVR� GL� ILQHVWUH�� LO� FXL� VFRSR�� FRPH� q� QRWR�� q� GL� HOLPLQDUH�
O
HUURUH�QHOOD�VWLPD�GHOOR�VSHWWUR�OHJDWR�DOOD�OXQJKH]]D�ILQLWD�GHOOD�VHULH�VWRULFD��

&DVVRQ� HW� DO�� ������� FRQIURQWDURQR� L� ULVXOWDWL� GHOOD� VWLPD�GHOOD� IXQ]LRQH�GL� GHQVLWj�
VSHWWUDOH�� RWWHQXWD� FRQ� O
DOJRULWPR� SUHFHGHQWHPHQWH� GHVFULWWR�� FRVWUXHQGRVL� DQDOLWLFDPHQWH�
XQD VHULH� GL� GDWL�� DYHQWL� O
DQGDPHQWR�GL� XQD� VLQXVRLGH� H� UHODWLYL� D� LVWDQWL� FDVXDOL�� RWWHQXWL�
DWWUDYHUVR�XQ�DOJRULWPR�GL�JHQHUD]LRQH�GL�QXPHUL�UDQGRP� 6XFFHVVLYDPHQWH�� ULSHWHWWHUR� OD�
SURYD�SHU�LO�FDVR�GL�XQ
RQGD�VLQXVRLGDOH�PXOWLSOD��,Q�HQWUDPEL�L�FDVL�DQDOL]]DWL��&DVVRQ�HW�DO��
�������ULOHYDURQR�FKH�L�YDORUL�WHRULFL�GHOOH�SRWHQ]H��DOOH�ULVSHWWLYH�IUHTXHQ]H��FRLQFLGHYDQR�
FRQ TXHOOL� GL� FDOFROR�� PHQWUH� O
DUHD� DO� GL� VRWWR� GHOOD� FXUYD� GL� GHQVLWj� VSHWWUDOH� FDOFRODWD�
FRLQFLGHYD�FRQ�OD�YDULDQ]D�GHOOH�VHULH�VWRULFKH�DQDOL]]DWH�FRQ�XQ�HUURUH�PDVVLPR�GHO�����

,Q SDUWLFRODUH�� VL� q� UHDOL]]DWR� XQ� WHVW�� IDFHQGR� XVR� GL� XQ� FDOFRODWRUH� 'LJLWDO� FRQ�
SURFHVVRUH�'(&�$OSKD������D�����0+]�VX�XQD�VHULH�GL������[��GDWL�UHODWLYL�DO�FDPSR�GL�
PRWR� RQGRVR� GHVFULWWR� QHO� FDS�� ��� ������� FRPSRQHQWL� RUL]]RQWDOL� GL� YHORFLWj�� ������
FRPSRQHQWL�YHUWLFDOL�GL�YHORFLWj�H�������YDORUL�GHO�SURILOR�GL�VXSHUILFLH�GHO�PRWR�RQGRVR����

(15.2. 2.2)
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,O WHPSR�GL�HVHFX]LRQH�UHODWLYR�D����[��YDORUL�GL�GHQVLWj�VSHWWUDOH�q�ULVXOWDWR�GL���������V�H�
O
HODSVHG�WLPH�q�VWDWR�GL��K��P��V��FRQ�XQD�SHUFHQWXDOH�GHO�����GL�XWLOL]]R�GHOOD�&38��'L�
FRQWUR�� O
XVR� GL� XQD� WHFQLFD� GL� LQWHUSROD]LRQH� FKH� FRQVHQWLVVH� GL� RWWHQHUH� ����� GDWL�
HTXDPHQWH� LQWHUYDOODWL�� D� SDUWLUH� GDL� ������ DFTXLVLWL�� FRQ� VXFFHVVLYR� XVR� GHOOD� ))7�� KD�
ULFKLHVWR��VX�XQ�3&�FRQ�SURFHVVRUH�,QWHO�������';��D����0+]��XQ�WHPSR�GHOO
RUGLQH�GHL�
PLQXWL��3HU�TXDQWR�L�GXH�YDORUL�GL�EHQFKPDUN�QRQ�VLDQR�GLUHWWDPHQWH�FRQIURQWDELOL��VL�HYLQFH�
FKH O
DOJRULWPR� GL� *DVWHU� H�5REHUWV� �������� SUHIHULELOH� LQ� WHUPLQL� GL� DQDOLVL� GHJOL� HUURUL��
ULFKLHGH� WHPSL�GL�&38�QRWHYROPHQWH�HOHYDWL��6L�RVVHUYD��D� WDO�ULJXDUGR��FKH�&DVVRQ�HW�DO��
�������XVDURQR�XQ�FDOFRODWRUH�&UD\�;0�3��QRWR�SHU�OD�VXD�YHORFLWj�FRPSXWD]LRQDOH��D�FDXVD�
GHOOD�QDWXUD��WLPH�FRQVXPLJ��GHOOD�GXSOLFH�VRPPDWRULD�SUHVHQWH�QHOOD�UHOD]LRQH�������������

1HOOH�ILJJ�������������VL�ULSRUWDQR��D�WLWROR�GL�HVHPSLR��L�GLDJUDPPL�GHOOH�IXQ]LRQL�GL�
GHQVLWj� VSHWWUDOH�� RWWHQXWL� FRQ� O
DOJRULWPR� GL� *DVWHU� H� 5REHUWV� �������� UHODWLYL��
ULVSHWWLYDPHQWH��DOOH�FRPSRQHQWL�RUL]]RQWDOL�H�YHUWLFDOL�GL�YHORFLWj��4XHVWH�VL�ULIHULVFRQR�DO�
FDPSR�GL�PRWR�RQGRVR�UHODWLYR�DOOD�FRQILJXUD]LRQH�%�GL�WDE����������SHU�XQ�SXQWR�GL�PLVXUD�
SRVWR� D� GLVWDQ]D� ����� FP� GDO� IRQGR� GHO� FDQDOH� FRQ� JHQHUDWRUH� GL� PRWR� RQGRVR�� 7DOL�
GLDJUDPPL� PHWWRQR� LQ� HYLGHQ]D� XQ
DQGDPHQWR� VRVWDQ]LDOPHQWH� DQDORJR� D� TXHOOR� FKH� VL�
RWWHUUHEEH� FRQ� LO�PHWRGR� GHOO
LQWHUSROD]LRQH� H� VXFFHVVLYD� ))7��7DOH� FRPSRUWDPHQWR� VDUj�
RJJHWWR�GL�DQDOLVL�QHO�SDU��������

�
)LJ������������6SHWWUR�GL�GHQVLWj�GL�SRWHQ]D�RWWHQXWR�FRQ�O·DOJRULWPR�GL�*DVWHU�H�5REHUWV��������GHOOH�YHORFLWj�RUL]]RQWDOL�SHU�XQ�SXQWR�D�GLVWDQ]D�
�����FP�GDO�IRQGR�GHO�FDQDOH��FRQILJXUD]LRQH�%�� 



0LFKHOH�0RVVD��'LIIXVLRQH�GL�XQ�JHWWR�LQ�XQ�FDPSR�GL�OLTXLGR�LQ�TXLHWH�R�LQ�PRWR�RQGRVR�� &DS������

���

�
��������0LFURVFDOH�H�VFDOH�LQWHJUDOL�GHOOD�WXUEROHQ]D��

6L IDFFLD�ULIHULPHQWR�DOOD�ILJ������������&RPH�q�QRWR��+LQ]H���������QHOO
DPELWR�GHL�
FDPSL�GL�PRWR�WXUEROHQWL�q�SRVVLELOH�GHILQLUH�XQD�VFDOD�GHOOH�OXQJKH]]H�VHFRQGR�OD�VHJXHQWH�
UHOD]LRQH�

2 2

2

u’
x

=
2u’ .

∂
∂


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
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�
)LJ������������6SHWWUR�GL�GHQVLWj�GL�SRWHQ]D�RWWHQXWR�FRQ�O·DOJRULWPR�GL�*DVWHU�H�5REHUWV��������GHOOH�YHORFLWj�YHUWLFDOL�SHU�XQ�SXQWR�SRVWR�D�
GLVWDQ]D������FP�GDO�IRQGR�GHO�FDQDOH��FRQILJXUD]LRQH�%�� 

(15.2. 3.1)

)LJ������������6FDOH�GL�OXQJKH]]D�WLSLFKH�GHL�JHWWL��GD�7HQQHNHV�H�/XPOH\��������
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/D VFDOD�GHOOH�OXQJKH]]H�λ q FKLDPDWD�PLFURVFDOD�GL�7D\ORU�LQ�RQRUH�GL�*�,��7D\ORU�
FKH SHU�SULPR�OD�GHILQu��

6L RVVHUYD�FKH�OD�PLFURVFDOD�GL�7D\ORU�λ QRQ q�OD�SL��SLFFROD�VFDOD�GHOOH�OXQJKH]]H�
WLSLFD�GHOOD�WXUEROHQ]D��4XHVW
XOWLPD�q�OD�PLFURVFDOD�GL�.ROPRJRURY�η. �ν��ε����� HVVHQGR�ν
OD YLVFRVLWj� FLQHPDWLFD� PROHFRODUH� GHO� IOXLGR� HG� ε O
LQGLFH� GL� GLVVLSD]LRQH� GHOO
HQHUJLD�
FLQHWLFD�WXUEROHQWD�GHO�IOXVVR��/D�GLVWLQ]LRQH�WUD�λ H η. q FRPSUHQVLELOH�VH�VL�WLHQ�FRQWR�FKH�
QHOOD� �����������VL�q� IDWWR� ULIHULPHQWR�DOO
LQWHQVLWj�GL� WXUEROHQ]D�FRPH�VFDOD�GHOOH�YHORFLWj��
0D LQ� HIIHWWL� QRQ� F
q� DOFXQD� UDJLRQH� ILVLFD� QHOOD� VFHOWD� GL� WDOH� SDUDPHWUR� FRPH� YHORFLWj�
FDUDWWHULVWLFD�GHOOH�VWUXWWXUH�D�SLFFROD�VFDOD��3HU�TXHVWH��OD�VROD�VFDOD�FKH�SRVVD�HVVHUH�VFHOWD�
VHQ]D DPELJXLWj�q�TXHOOD�WHPSRUDOH��'DOO
DQDOLVL�GLPHQVLRQDOH�VL�RWWHQJRQR��ULVSHWWLYDPHQWH��
OH VHJXHQWL�VFDOH�GHL�WHPSL�H�GL�YHORFLWj�GL�.ROPRJRURY�

( )K

1/2

K
1/4

= u = .τ
ν
ε

νε



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/H� SUHFHGHQWL� JUDQGH]]H� VRQR� QRWH� FRPH� PLFURVFDOH� GL� .ROPRJRURY� H� UDSSUHVHQWDQR�
HIIHWWLYDPHQWH� OH� VFDOH� GHL� YRUWLFL� SL�� SLFFROL�� RVVLD� GHL� YRUWLFL� UHVSRQVDELOL� GHOOD�
GLVVLSD]LRQH�GL�HQHUJLD��HVVHQGR�IXQ]LRQL�VROR�GL�ν HG ε� ,Q�OHWWHUDWXUD�HVVH�VRQR�QRWH�FRPH�
LQQHU�VFDOHV� ,O�QXPHUR�GL�5H\QROGV�RWWHQLELOH�GD�TXHVWH�VFDOH�q�

K Ku
= 1.

η
ν

/D� SUHFHGHQWH� UHOD]LRQH� PHWWH� LQ�
HYLGHQ]D�FKH�L�PRWL�D�SLFFROD�VFDOD�VRQR�
SUHYDOHQWHPHQWH� YLVFRVL�� 'XQTXH� OH�
VFDOH�GHL�YRUWLFL�FKH�SURGXFRQR�O
HQHUJLD�
WXUEROHQWD� q�PROWR�SL��JUDQGH�GL�TXHOOD�
GHL� YRUWLFL� FKH� OD� GLVVLSDQR�� 6L� SXz�
ULWHQHUH� SHUWDQWR� FKH� OD� PLFURVFDOD� GL�
7D\ORU� QRQ� q� XQD� OXQJKH]]D�
UDSSUHVHQWDWLYD� GL� XQ� JUXSSR� GL� YRUWLFL�

)LJ�� ���������� 7LSLFR� DQGDPHQWR� GL� XQD� IXQ]LRQH� GL� DXWRFRUUHOD]LRQH� FRQ�

LQGLFD]LRQH�GHOOD�PLFURVFDOD�H�GHOOD�VFDOD�LQWHJUDOH� 
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�HGGLHV� GL�GLPHQVLRQH�SDUWLFRODUH��1RQRVWDQWH�TXHVWR��λ q XVDWD�GL�IUHTXHQWH�SRLFKq�OD�VXD�
VWLPD�q�SDUWLFRODUPHQWH�VHPSOLFH��

,Q DQDORJLD�FRQ�OD������������VL�SXz�GHILQLUH�OD�PLFURVFDOD�WHPSRUDOH�GL�7D\ORU��
2 2

t
2

u’
t

=
2u’ .

∂
∂





 λ

'HILQHQGR�OD�IXQ]LRQH�GL�DXWRFRUUHOD]LRQH�SHU�SURFHVVL�VWD]LRQDUL�FRPH�VHJXH�
u’(t)u’(t + )

u’
= ( ) = (- )

2

τ ρ τ ρ τ
 

VL�SRWUj�GHILQLUH�OD�VFDOD�LQWHJUDOH�WHPSRUDOH�,�FRPH�
I = ( )d .

0

∞
∫ ρ τ τ

 

1HOO
DPELWR�GHL�FDPSL�GL�PRWR�WXUEROHQWL�VL�DVVXPH�FKH�OD�VFDOD�LQWHJUDOH�VLD�ILQLWD��
,O� YDORUH� GL� ,� q� XQD� JURVVRODQD�PLVXUD� GHOO
LQWHUYDOOR� GL� WHPSR�QHO� FRUVR�GHO� TXDOH� X�W�� q�
FRUUHODWD�FRQ�VH�VWHVVD��VL�YHGD�OD�ILJ�������������

&RPH� PRVWUDWR� LQ� ILJXUD� OD� PLFURVFDOD� WHPSRUDOH� GL� 7D\ORU� λW q GHILQLWD� GDOOD�
FXUYDWXUD�GHO�FRHIILFLHQWH�GL�DXWRFRUUHOD]LRQH�DOO
RULJLQH�

2

2 =0
t
2

d
d

| = -
2
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ρ

τ λτ

6YLOXSSDQGR�ρ LQ� VHULH� GL� 7D\ORU� QHOO
LQWRUQR� GHOO
RULJLQH�� SHU� SLFFROL� YDORUL� GL� τ VL� SXz�
VFULYHUH�

ρ τ( ) –~1- .
2

t
2

τ
λ

1HO�FDVR�LQ�FXL�IRVVHUR�VRGGLVIDWWH�OH�VHJXHQWL�UHOD]LRQL�

(15.2.3.2)
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OD�PLFURVFDOD�λ� SHU�O
LSRWHVL�GL�7D\ORU��SXz�HVVHUH�FDOFRODWD�FRPH�VHJXH�
λ λ= u .t⋅ ⋅ 

,Q�WDO�FDVR��LQROWUH��VL�KD�FKH�
u ’ 2

=
1

u

u’
t

.
2
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2⋅ ∂
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
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
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,O� YDORUH� GHOOD� PLFURVFDOD� GL� 7D\ORU� SXz� HVVHUH� GHGRWWR� DQFKH� GDOOR� VSHWWUR� GHOOH�
SRWHQ]D� )�I�� GHOOD� VHULH� WHPSRUDOH� X�W��� GHILQLWR� FRPH� OD� WUDVIRUPDWD� GL� )RXULHU� GHOOD�
IXQ]LRQH�GL�DXWRFRUUHOD]LRQH�WHPSRUDOH��RSSRUWXQDPHQWH�QRUPDOL]]DWR���
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∫

PHQWUH�SHU�OD�VFDOD�LQWHJUDOH�,�YDOH�OD�VHJXHQWH�UHOD]LRQH�
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, ULOLHYL� VSHULPHQWDOL� FRQGRWWL� QHOO
DPELWR� GL� TXHVWD� ULFHUFD�� WXWWDYLD�� PHWWRQR� LQ�
HYLGHQ]D� FKH� OD� WXUEROHQ]D� QHL� JHWWL� q� WLSLFDPHQWH� QRQ� WD\ORULDQD�� VRSUDWWXWWR� LQ�
FRUULVSRQGHQ]D�GHOOD�]RQD�HVWHUQD��SL��GLVWDQWH�GDOO
DVVH��7DOH�FRQFOXVLRQH�q�LQ�DFFRUGR�FRQ�
L ULOLHYL�GL�:LJQDQVN\�H�)LHGOHU����������


